A CHARACTERIZATION OF IRREDUCIBLE HERMITIAN SYMMETRIC SPACES
OF TUBE TYPE BY C*-ACTIONS

YINGQI LIU

ABSTRACT. A C*-action on a projective variety X is said to be of Euler type at a nonsingular fixed
point z if the isotropy action of C* on T, X is by scalar multiplication. In this paper, it is proven that a
smooth projective variety of Picard number one X is isomorphic to an irreducible Hermitian symmetric
space of tube type if and only if for a general pair of points x,y on X, there exists a C*-action on X
which is of Euler type at x and its inverse action is of Euler type at y.

1. INTRODUCTION

1.1. Main result. The study of complex torus actions on algebraic varieties is a classical topic in
algebraic geometry. It is an interesting problem to classify algebraic varieties with special C*-actions.
Let X be a smooth projective variety. A C*-action on X is said to be equalized at a fixed point z if
any weight of the isotropy action on the tangent space T, X equals to 0 or +1. We call the action to be
equalized if it is equalized at each fixed point. Denote by X ©" the set of fixed points of the C*-action.
An irreducible component of X € is called extremal if it intersects with general C*-orbit closures. In
the series of works [RW20] [ORSW22] [ORSW21|], the authors study equalized C*-actions on projective
manifolds with isolated extremal fixed components. For rational homogenous spaces they proved the
following:

Theorem 1.1. [ORSWZ21] Let X = G/P be a rational homogeneous space of Picard number one, then
X admits an equalized C*-action with two isolated extremal fixed points if and only if X is isomorphic to
one of the followings:

(i) a smooth hyperquadric Q",

(i) the Grassmaninan variety Gr(n,2n),

(iii) the Lagrangian Grassmannian variety Lag(n,2n),

(iv) the spinor variety Sap,

(v) the 27 dimensional Er-variety FEr/Ps.

The varieties classified above are exactly irreducible Hermitian symmetric spaces (IHSS for short) of
tube type. Recall that an THSS is said to be of tube type if its dual, as a bounded symmetric domain,
is holomorphically equivalent to a tube domain over a self-dual cone. It is therefore a natural problem
to characterize THSS of tube type by C*-actions in a more general context. A C*-action on a projective
manifold X is said to be of Euler type at a fixed point z if the isotropy action of C* on T, X is by scalar
multiplication. In Theorem 1.1, by taking certain conjugates of C* in the automorphism group of X one
can show that for a general pair of points x,y on X there exists a C*-action which is of Euler type at z
and its inverse action is of Euler type at y. Here, a general pair of points (z,y) in X x X is one that lies
in some Zariski open dense subset. Our main result proves the converse:

Theorem 1.2. Let X be a smooth projective variety of Picard number one, then X is isomorphic to an
THSS of tube type if and only if for a general pair of points x,y on X, there exists a C*-action on X
which is of Fuler type at x and its inverse action is of Fuler type at y.

1.2. Outline of the proof. The main ingredient of the proof is the theory of varieties of minimal
rational tangents (VMRT for short) developed by Hwang and Mok. Let X be a Fano manifold of Picard
number one and let K be a fixed irreducible dominant family of minimal rational curves on X. The
VMRT at a general point x € X is the closed subvariety C,, C PT, X consisting of the closure of tangent
directions at z of general curves in K passing through x. A large part of the global geometry of the
manifold is encoded in the VMRT C, C PT, X at a general point z.. The first step is to show that X
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in Theorem 1.2 is an equivariant compactification of vector group, hence X can be recovered from its
VMRT by Cartan-Fubini type theorem [HMO1, Theorem 1.2]. Then we follow the methods developed
in [HMO5] [FH12] to classify the projective subvariety C, C PT, X by studying the prolongation of its
infinitesimal linear automorphisms.

A crucial step of our proof is the following result.

Theorem 1.3. Let X be a smooth projective variety of Picard number one. Assume for a general pair
of points (x,y) € X x X , there is a C*-action on X which is of Euler type at x and its inverse action
s of Euler type at y, then for the VMRT C, C PT, X we have:

(1.1) dim(aut(C,)M) = dim(X)

Here, aut(@w)(l) denotes the space of first prolongations of the VMRT C, C PT,X. We refer to
Section for the precise definitions of the VMRT and its prolongations.

The identity (1.1) is known to hold for any THSS (see Section R.3). Now assume that X satisfies
the conditions of Theorem 1.2. The natural actions of the vector groups 7, X and T, X on themselves
can be extended to equivariant compactifications on X. Choosing a suitable non-degenerate projective
embedding X C PV. The actions of T, X and T, X on X can be lifted to linear actions on V' (Theorem

). Identifying Lie(T,X), Lie(T,X) with their images in gl(V'), the adjoint actions of the two Lie
subalgebras inside gl(V') will induce the identification: Lie(T,X) = aut(C,)™" (Proposition @)

In [FH12] Fu and Hwang classified irreducible non-degenerate nonsingular projective subvariety S C
PV with nonzero prolongations. Most of them are the VMRT of an IHSS or a nonsingular linear
section of some THSS. Using a case-by-case calculation of dim aut(g)(l)), we show that C, C PT,X is
projectively isomorphic to the VMRT of an THSS (Proposition {.§). Then, by a C*-equivariant Cartan-
Fubini extension theorem (Corollary p.1), we conclude that X is C*-equivariantly isomorphic to an THSS.
The C*-action on IHSS was studied in detail in [ORSW21], as a corollary it has two isolated extremal
fixed points if and only if it is isomorphic to an THSS of tube type.

The article is organized as follows. In Section 2 we recall basic definitions and facts used in the
sequel, illustrating them in the context of THSS. In Section 3 we first review the approach in [FH20]
to associate C*-actions with vector group actions, then apply it to the case when the C*-action has
two isolated extremal fixed points. Section 4 studies prolongations of projective varieties. We first
prove Theorem 1.3, then calculate the dimension of prolongation for certain projective subvarieties with
nonzero prolongations. Section 5 completes the proof of our main result.

Notations. Throughout this article we work over the field of complex numbers. Given a line bundle £
on a variety X, the principal open subset of a section s € H°(X, L) is denoted by Dy (s) = {x € X :
s(z) # 0}, and the cycle-theoretic zero locus of s is denoted by Z(s). For a vector space V of dimension

n, C[V] 2 @k Sym” (V*) is realized by assigning a function f on V the polynomial P; = Z Py i, such
k>0
that f(v) = Z Pt i(v,v,...,0).
k>0
2. PRELIMINARIES

2.1. C*-actions, vector group actions, and Euler-symmetric varieties. In this section we intro-
duce some notations and conventions on C*-actions and vector group actions.

Definition 2.1. Let X be a projective variety with a C*-action.
(1) For a point x € X, the source x4 and the sink x_ of x are defined as

x4 =limt-x, 2_ = limt-z.
t—0 t—00

(2) Denote by X the fized locus of the action, and by Y the set of irreducible components of X©.
The sink Xy and source X, are the extremal components characterized by the property that for
a general point x € X, we have x4 € Xy and x_ € X.
(3) When X is smooth, each fixred component Y € Y is smooth by [lve72]. For each Y € Y, the
Biatynicki-Birula cells are defined as
C*(Y)={zeX|zseY}
The isotropy action of C* on TX|y induces a decomposition
TX|ly =TT(Y)o T (Y)®TY,
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where TT(Y) and T~ (Y) are the subbundles on which C* acts with positive and negative weights,
respectively.

We recall the following theorem of Bialynicki-Birula [BB73].

Theorem 2.2. Let X be a smooth projective variety with a C*-action.

(1) For eachY €Y, the sets CE(Y) are locally closed, and there are decompositions

x=Jcwm=cm.
Yey Yey
(2) For eachY € Y, there are C*-equivariant isomorphisms Ct(Y) 2 TH(Y) and C~(Y) 2T~ (Y),

lifting the natural maps C’i(Y) — Y. Moreover, these maps are algebraic and give (C”i(y)—
fibrations, where vE(Y) = rank(T*(Y)).

For a C*-action on a normal projective variety X equipped with a very ample line bundle £, we define
its normalized linearization as follows.

Lemma 2.3. Let X be a normal projective variety with a C*-action, and L a very ample line bundle on
X.

(1) There exists a linearization of the C*-action on L (cf. [Brilg, Theorem 2.14]). This induces an
action on H°(X, L) with a weight decomposition.:

HY(X, L) = éHO(X, L)w,

k=0

where each HO(X, L), ts a nonzero weight subspace of weight wy,.
(2) The linearization is normalized if the weights are ordered as

0=wo>wi > > w,.
Such a normalization is unique, since any two linearizations differ by a character of C*.
We recall the definition of an equivariant compactification of vector group.

Definition 2.4. Let G = C" be the complex vector group of dimension n. An equivariant compactification
of the vector group G =2 C" is a projective variety X of dimension n equipped with an algebraic action of
G that has a Zariski open orbit O C X. In particular the orbit O is G-equivariantly isomorphic to G.

Next, we introduce Euler-symmetric varieties, as defined in [FH20]. These varieties arise as equivariant
compactifications of vector groups and are characterized by the presence of Euler type C*-actions.

Definition 2.5. Let Z C PV be a projective subvariety. A C*-action on Z is called of Euler type at a
nonsingular fized point x if the isotropy action on the tangent space T, Z is by scalar multiplication. We
say Z C PV is an Euler-symmetric variety if for a general point x € Z, there exists a C*-action which
is of Euler type at x, where the C*-action comes from a multiplicative subgroup of GL(V').

While our definition differs slightly from that of [FH20], the equivalence between these formulations
follows from the fundamental characterizations of Euler-symmetric varieties given below.

Theorem 2.6. Let X be a normal projective variety equipped with a very ample line bundle L. The
following conditions are equivalent:

(1) For a general point x € X, there exists a C*-action on X that is of Euler type at x;

(2) X s an equivariant compactification of a vector group, and the scalar multiplication of C* on
this vector group extends to a C*-action on X;

(3) The projective embedding X € PH®(X, L)V is Euler-symmetric.

Proof. (3) = (2) follows from [FH20, Theorem 3.7]. The implication (2) = (1) is clear. Finally, (1) =
(3) follows from Lemma P.3(1). O



2.2. VMRT and prolongations. The main ingredients of our study are the VMRT theory of Fano
manifolds and prolongations of projective subvarieties. Below we introduce the basic definitions and
results used in what follows.

Definition 2.7. Let X be a Fano manifold of Picard numbr one. An irreducible component K of the
space Ratcurves” (X)) of rational curves on X is called a minimal rational component if the subvariety
K. of K parameterizing curves passing through a general point x € X is non-empty and proper. Curves
parameterized by IKC are called minimal rational curves. Let p : U — K be the universal family and p :
U — X the evaluation map. The tangent map T : U --» PT(X) is defined by 7(u) = Ty (1(p~ ' (p(w)))).
The closure C C PT(X) of its image is the total space of variety of minimal rational tangents. The
natural projection C — X is a proper surjective morphism and a general fiber C,, C PT, X is called the
variety of minimal rational tangents (VMRT for short) at the point x € X.

Let us recall the Cartan-Fubini type extension theorem proved by Hwang and Mok [HMO1]. We will
use the following version taken from [FH12, Theorem 6.8]

Theorem 2.8. Let X; and X5 be two Fano manifolds of Picard number 1, different from projective
spaces. Let ICy and Ko be families of minimal rational curves on X1 and X5 respectively. Assume that
for a general point v € Xy, the VMRT C, C PT,(X1) is irreducible and nonsingular. Let Uy C X
and Us C Xo be connected analytical open subsets. Suppose that there exists a biholomorphic map
Y : Uy — Uy such that for a general point x € Uy, the differential dip, : PT,(Ur) — PTy ) (Uz) sends Cy
isomorphically to Cy(yy. Then there exists a bireqular morphism ¥ : X1 — Xy such that ¢ = ¥y, .

Remark 2.9. Let X be a smooth projective variety of Picard number one satisfying one of the conditions
in Theorem P.6. Then:
(1) X is a Fano manifold because it is uniruled;
(2) For a suitably chosen family of minimal rational curves K, the associated VMRT is irreducible
and nonsingular at general points (Proposition f.9).

Definition 2.10. (1) Let g C gl(V) be a Lie subalgebra. The k-th prolongation of g is the space of
symmetric multilinear homomorphisms A : Symk+1V — V' such that for any fired vy, ..., €V,
the linear map Ay, .. v, 1V — V defined by

v A(v,v1,...,0k)

belongs to g.
(2) Let S C PV be a projective subvariety with affine cone S C V. The Lie algebra of infinitesimal
linear automorphisms of S is

aut(S) = { g € End(V)

g(@) € To(S) for all smooth points a € S
equivalently, exp(tg) - Sc S forallteC .

Its k-th prolongation aut(S’)(k) is called the k-th prolongation of S C PV.
We now state some fundamental results about prolongations:

Theorem 2.11. [HMO04, Theorems 1.1.2 and 1.1.3] Let Y C PV be an irreducible, smooth, non-
degenerate, and linearly normal subvariety.
(1) aut(Y)® =o0.
(2) For any non-zero A € aut(f/)(l), there exists a unique mon-zero linear functional Ay € V*
satisfying:
(a) Foralla eV,
Ana = Aa(a)

(b) Foralla €Y and o € To(Y),
M) + Aa(a)a =244 4.

Consequently, for any pointy = [a] € Y with As(a) # 0, there exists By, € aut(Y') that generates
a C*-action on Y of Euler type at y.

Furthermore, in [FH12,FH18] Fu and Hwang provided a complete classification of irreducible, smooth
and non-degenerate projective subvariety with non-zero prolongations. See Theorem @ for a full list.
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2.3. Examples: irreducible Hermitian symmetric spaces. In this subsection we illustrate our
definitions from previous sections in the context of rational homogeneous spaces of Picard number one.
Most of this material can be found in [Arz11], [FH2(], [HMO05], and [ORSW21.

2.3.1. G/P as Euler-symmetric varieties. Let G be a simple algebraic group of adjoint type. Let B C G
be a Borel subgroup and 7" C B a maximal torus. We denote by ® the root system, A C ® the set
of simple roots, and D the Dynkin diagram. Let g = Lie(G) be the Lie algebra of G with Cartan
subalgebra b C g. A rational homogeneous G-variety is a projective variety of the form X = G/P. Up
to conjugacy, it can be obtained as follows. For any subset I C A, we denote by Pr = BWp\;B the
standard parabolic subgroup associated to I, where Wp\ s is the subgroup of the Weyl group W generated
by simple reflections corresponding to D\I. Similarly, let P; be the opposite parabolic subgroup. The
associated rational homogeneous space is denoted by X = G/Py, which is a smooth projective rational
variety of Picard number |I|. In what follows, we always assume I = {a} for some simple root a € A.
We denote by H C P, the Levi subgroup.
For any root 8 € ®, let m,(8) denote the multiplicity of o in 8. This induces a Z-grading of g:

92@91@7 9k = @ 9s-

keZ ma(B)=k

Proposition 2.12. JArz11] [FH2(Q] Let X = G/P,, be a rational homogeneous space of Picard number
one. Assume G = Aut®(X) is of adjoint type. Then the following conditions are equivalent:

(1) X C PV is an Euler-symmetric variety under its minimal G-equivariant embedding given by the
generator of Pic(X);
(2) X is an equivariant compactification of a vector group;
(3) The grading of g with respect to « is short, i.e., g = g_1 P go D 91-
In case (3), we have go = Lie(H), g1 = Lie(Ry(P4)), and g_1 = Lie(Ry(Py)).

Remark 2.13. X = G/P C PV is called an irreducible Hermitian symmetric space (IHSS) if it satisfies
any of the above equivalent conditions. In this case, we can describe the Euler-type C*-action and the
vector group action on X as follows. Denote by © = [P,],y = wg -z, where wy € W is the longest element
in the Weyl group.

(1) Both R, (P, ) and R, (P,) are vector groups, and X is an equivariant compactification of R, (P, )
with the open orbit R, (P ) - ;

(2) There exists a unique element H € t satistying S(H) = —d,,s for all § € A. The corresponding
one-parameter subgroup induces a C*-action on X that is of Euler type at z.

(3) The C*-action in (2) has an isolated source if and only if X is isomorphic to an THSS of tube
type (as classified in Theorem 1.1), where the source is given by y = wp - . In this case, the
inverse action is of Euler type at y, and X is an equivariant compactification of the vector group
R, (P,), with the open orbit being R, (P,) - y-

2.3.2. VMRT of an IHSS and its prolongations. Maintaining the above notation, assume X = G/P, C
PV is an THSS under its minimal embedding as in Proposition 2.12. Then X is covered by a unique
family K of lines in PV. Denote by C C PT(X) the associated VMRT structure as in Definition 2.7. Fix
x = [P,] as the base point which is fixed by H. We now describe the VMRT at z and its prolongations.
(1) T, X =2 g1, and C, C PT, X is the unique closed H-orbit in Pgs;
(2 aut((fz) 2 go via the adjoint action of gy on g1;
C

)
(3) aut(C,)™ = g_; via the adjoint action:

(2.1) g1 — Hom(gi,g0), a= (8 [, f]),

where the image lies in Sym? T:X ® T, X since g; is abelian.
We list IHSS and their VMRTSs in the following table.

TABLE 1. IHSS and their VMRTs

THSS X = G/P Qn Gr(a, a+ b) Sn Lag(n, 2’[7,) EG/P]_ E7/P7
VMRT C, Q"2 Pt x PP~ [ Gr(2,n) Pt Ss | Es/P,
C, C PT,.(X) | Hyperquadric Segre Pliicker | second Veronese | Spinor | Severi




3. FROM C*-ACTION TO VECTOR GROUP ACTION

The main result in this section is to refine the characterizations of Euler-symmetric varieties given in
Theorem R.6, adapting them in our setting.

Theorem 3.1. (Proposition @ and Corollary @) Let X be a smooth projective variety of Picard
number one. Suppose that for a general pair of points (x,y) € X x X, there exists a C*-action on X
which is of Fuler type at x, and its inverse action is of Euler type at y.
(1) Fiz C*-equivariant isomorphisms C*(z) = T, X and C~ (y) = T, X as in Theorem @(2) There
exist unique vector group actions of T,X and T,X on X, extending their actions on CT(x) and
C~ (y), respectively.
(2) Let L be a very ample line bundle on X, and let V.= H°(X, L)Y with f: X < PV the cor-
responding projective embedding. Then the normalized C*-linearization (Lemma [2.4) induces a

weight decomposition
T
V=@
k=0

where each Vi, has weight k, with Vi and V,. one-dimensional subspaces satisfying f(x) = [Vo]
and f(y) = [Vr].
Moreover, the actions of T, X and T, X on X uniquely lift to V via representations
pe: Tp X — GL(V), py: T,X — GL(V),
satisfying the weight compatibility conditions:

dpx(Vk) C Vk+17 dpy(vk) C Vi_1.

The vector group actions are defined in terms of the fundamental forms, as established in [FH2(, The-

orem 3.7] (see also (B.3)). We first recall the definition of fundamental forms, following the conventions
of [LMO03] and [FH20].

Definition 3.2. (1) Let x € X C PV be a nonsingular point of a non-degenerate projective variety, and
let L= Opy(1)|x be the line bundle on X. For each nonnegative integer k, miX be the k-th power of the

mazimal ideal my x. For a section s € H(X, L), let j¥(s) be the k-jet of s at & such that j° = s, € L,.
The induced homomorphism :
(VYN Ker(j5=1)/ (VY 0 Ker(j%)) = £, © Sym*Tr X

is injective. For each k > 2, the subspace ]F’; C Syka;X defined by the image of this homomorphism
is called the k-th fundamental form of X at x. Set Fg(c) =C and F:E1 =TrX. The collection of subspaces
F, = EB;@O]F’; C EBk>OSyka;X is called the system of fundamental forms of X at x.

(2) Let W be a vector space. Forw € W, the contraction homomorphism i, : Sym*F WY — Sym*FwV
sending ¢ € Sym* YWY to 1,¢ € Sym WY is defined by:

LU)¢(wla EE) wk) = ¢(w7 Wiy ey wk)

for any wy, ...,wx € W. By convention we define t,(Sym°W") = 0. ‘

(8) A subspace F = EBk>OIE‘k C @kgoSymka with F® = C,F! = WY, F" # 0, and F™* = 0 for all
i >1 s called a symbol system of rank r if 1, F*T' CF* for any w € W and any k > 0.

We recall the following theorem of Cartan (see for example [LM03, Section 2.1]).

Theorem 3.3. Let X C PV be a non-degenerate projective subvariety, and let x € X be a general point.
Then the system of fundamental forms F, C @k>05’yka;X is a symbol system.

In the rest of this section, we adopt the following assumption.

Definition 3.4. Let X be a smooth projective variety admitting a C*-action of Euler type at a fixed point
x. Let L be a very ample line bundle on X, and set V = HO(X, L)Y, Fir the normalized C*-linearization
of L, and consider the weight space decomposition

HO(X’ ‘C) = @HO(X’ ‘c)wm
k=0
where the weights satisfy
0=wy>wy >wg >+ > W,y
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We denote by Vi, = H°(X, L)Y the subspace of V of weight —wy,. We further fix a C*-equivariant

Wk

isomorphism CT(x) = T, X for which the differential at the origin (the point x) is the identity map.
Then the fundamental forms of X C PV at x can be expressed as follows:

Proposition 3.5. In the setting of Definition 3.4, we have:
(1) The subspace
{s € H(X,L) | Di(s) = C*(2)}
is one-dimensional and equals H°(X, L)o. Take a nonzero section so with D, (sg) = C*(x) and
consider the linear map:

n: H'(X, L) — C[C™T(z)],
s = n(s),

defined by s|c+ () = 1(8)So0lc+(a) for any s € H°(X,L). Then:
(2) The map n is an injective C*-equivariant linear map, where the C*-action on C[C™T ()] is given
by
(z- f)lw) = f(z"" )
for any z € C*, uw € C*(z), and f € C[CT(x)].
(3) Under the identification

ClC* ()] = C[T, X] = @) Sym"T; X,
k>0

the image of 1 is Fy, where n(H°(X, L)y, ) = F,“*. Furthermore, w; = —1, and nleo(x,c).,, s
an isomorphism.

Proof. Since C*(z) is isomorphic to the affine space, its complement D, := X \ C"(x) is a divisor
(see [Goo6Y, Proposition 1]). Consequently the Cartier class group Cl(X) is freely generated by the
irreducible components of D,. By our assumption that X has Picard number one, D, is the prime
generator of Cl(X).

We can therefore write £ = Ox (roD,) for some positive integer ro. For any nonzero section s with
D, (s) = CT(x), write Z(s) = rD, for some positive integer r. Then rD, ~ roD, implies r = 7o, and
consequently the subspace

{s € H'(X,£) | Di(s) = C*(x)}
is one-dimensional. This subspace is C*-invariant; we denote its weight by w’.

Fix a nonzero section sq in this subspace and define 7 as above. The map 7 is injective because C* (z)

is open in X. For any s € H°(X, L), z € C*, and u € C*(x), we compute:

-1

=z (n(s)(z7" - uw)so(z7" - u))
=n(s) (=" u)(z - s0)(u)
)

’

— 2 (2 n(s)) (w)so(u

which shows that 7(z - s) = 2% (z - 1(s)).
For s € HY(X, L), viewing 7(s) as a regular function on T, X via C*(x) = T, X, we have:
n(z - s)(u) = 2% n(s)(w),
2 n(s)(w) = n(s)(z7" - u) = n(s) (=" u).
Combining this with n(z - s) = zw/(z -n(s)), we conclude that 7(s) is a homogeneous polynomial on T, X
of degree w’ — wy, > 0. This forces w’ = wy = 0 and deg(n(s)) = —w.
Therefore, 7 is C*-equivariant, and for any nonzero s € H°(X,L)o, n(s) is constant. This proves
claims (1) and (2).
For any section s € H°(X, L), we express n(s) = an(s) as a sum of homogeneous functions on

k>0
C*(z) = T,X. The k-th jet of s at = corresponds to the class [1(s)] in O,/m*1 which under our
k
identification is represented by Zm(s)
=0



Since n maps H°(X, L), to homogeneous polynomials of degree —wj, on T, X, and by our choice of
isomorphism C™"(x) 2 T, X together with the definition of fundamental forms, we obtain:

N(H(X, L)w,) =F;"* and Im(n) = F,.

x

Finally, since £ is very ample, [Har77, Proposition I1.7.2] implies that Im(zn) generates C[CT(x)] as a
C-algebra. In particular, Im(n) contains the linear functions T, X, which must coincide with the image
of H*(X,L).,. We conclude that w; = —1 and 77|H0(X7[;)w1 is an isomorphism. O

By Proposition @7 the fundamental forms at x are given by the linear injections 7| gox, L), for each
k. Dually, they are represented by the surjective linear maps
I, : Sym™"“*(T,X) — H*(X, L)Y

where Ip: C — H°(X, L)y maps 1 to the unique ey € H(X,L)] with eg(sg) = 1. and II; is an
isomorphism by Lemma B.5(3). An immediate corollary of Theorem and Proposition @ is as follows:

Wg?

Corollary 3.6. In the setting of Definition 3.4 and Proposition 3.5, assume further that x € X is a
general point. Then the following hold:

(1) wy = —k for each 0 < k <7, n(H*(X,L)_1) =F%, and F, = @} _,F*.

(2) The projective embedding f: X — PV (where V.= H°(X, L)) restricts on CT(z) = T, X to

ZHk ] for any uw € T, X, and f(x) = f(0) = [eo]. for any u € T, X, with

() = lea] atu=0.

In what follows, we keep the assumptions as in Corollary 3.6. The contraction homomorphism in

Definition @(2) induces a locally nilpotent action of T,, X on @ Sym*T7* X . It follows from Theorem 3.3
k>0

that the system of funfamental forms F, is a finite-dimensional T, X-invariant subspace. Dually, this

defines a nilpotent action of T, X on H°(X, £)", which we denote by I, via the maps II;. Explicitly, for

each 0 < k <r and any v € T, X, we define

Tolvi, : Vie = Vi
by the relations:
(3.1) [yollg(vy,...,vk) = Hppr1(v,01,...,0) (B> 1),

with T',(eg) = II; (v) and I',(V;) = 0. Consequently, the embedding f|r, x defined in Corollary 3.6(2)
can be expressed as:

(3.2) flu) = [Z I‘ﬁ(eo)] for any v € T, X.

Then the vector group action arises from a linear representation p, : T, X — GL(V) given by:

(3.3) ZZ( )Fl F(ug),

1=0 k=0
s
for any uw € T, X and v = Z v € V with v € V. We summarize key properties:
k=0

Proposition 3.7. Let L be very ample on X with a C*-action on (X, L) that is FEuler-type at a general
fixed point x. In the notation as above, Then:

(1) For any k> 1 and uy,...,u; € TpX,
Iy (ug, ... u,) =Ty 00Ty, (eg).

(2) The representation p, induces a T, X -action on PV preserving X and lifting the action on C ™" (x).
Its differential dp, : T, X — gl(V') satisfies:

dpa:|Vk (k+1)F|Vk’

with dpg(u) - Vie € Vi1 for allw € T, X, and dp,(u)(eg) = 11 (u).
8



Proof. (1) follows immediately from the definition of T'. For (2), the first claim is proved in [FH2(, Proof

of Theorem 3.7]. For the differential, take u € T, X and v = Z v €V
k=0

d

dpa(u)(v) =

d
dz

r

= Z lru(’l}l_l).

=1

pa(zu)(v)

B ; ()i

-
2=0 1=0 k=0

Thus dp.|v, = (k + 1)T'|y,, yielding the weight conditions. O

Next, we apply it to the case when both the sink and the source are isolated. Assume that for a
general pair of points x,y on X, there is a C*-action on X which is of Euler type at the source z, and
its inverse action is of Euler type at y. Take the linearization of its inverse action on £ such that the
decomposition of the associated weight subspaces equals

H(X,L)=EPH(X, L),
k=0

where 0 = w(, > --- > w... Applying Proposition @, we have the following:

Corollary 3.8. Let X, L, z, and y be as above.
(1) We have HO(X, ,C)wk = HO(X’ [');U:,k and w;ﬂ =7 —Wp_p = —k.
(2) We have
V.= H(X, L), ={s€ H'(X,L): Dy(s) = X ()},

and dim(H°(X, L):ﬂé) = 1. Furthermore, f(y) = [e,], where e, is a nonzero element in V.

(3) There is a vector group action of TyX on V', namely p, : TyX — GL(V'), such that the induced
action on PV leaves X invariant and lifts the action of TyX on C™(y). Moreover, for the
differential map dpy, we have dp, - Vo = 0 and

dpy(w) - Vi1 C Vi,
for any w € T, X and for any k > 0.

Proof. (1) follows directly from the definition of wy,.
(2) follows from (1), Proposition @(1), and Proposition @(2)
For (3), we dually denote V/ = (H°(X, ,C);};C)V for each k. Then, by (1), we have V; = V,_j. From

Proposition (2), there is a vector group action of T, X on V, such that the induced action on X
extends the action of T, X on C™ (y). Moreover,

dpy - Vi € Vi,
which is equivalent to
dpy - Vi1 S Vi
for any k > 0, and dp, - Vo = 0. O

4. PROLONGATIONS OF PROJECTIVE SUBVARIETIES

In this section, we study prolongation of projective subvarieties in two steps following [FH12] [HMO5].
Firstly we study the prolongation of the VMRT of Euler-symmetric varieties at a general point (Propo-
sition [£.5). Then we calculate the dimension of aut(S)™) for certain S C PV with nonzero prolongation
(Proposition @), which was explicitly formulated in [FH12].
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4.1. Prolongations of the VMRT. In this section, we study the prolongations of the VMRT for
smooth Euler-symmetric varieties of Picard number one. The VMRT at a general point of such varieties
relates to their fundamental forms as follows.

Definition 4.1. Let X be a smooth projective variety of Picard number one. Assume that for a general
point x € X, there exists a C*-action on X that is of Fuler type at x. Fiz a very ample line bundle L on
X with the normalized linearization and consider the projective embedding f : X — PH°(X L)Y as in
Section 3. Let F, denote the fundamental forms of X at x, and take n as in Proposition @ For each
k > 2, define the base locus:

Bs(F%) = {[w] € PT, X | ¢(w, ..., w) =0 for all ¢ € F¥ C Sym" T X}.

By Proposition @, this satisfies Bs(F¥) = {[w] € PT, X | n(s)(w) =0 for all s € H*(X, L) _}.
Since F, forms a symbol system, we have an increasing filtration:

Bs(F2) ¢ Bs(F2) C --- C Bs(F%).

The base locus of fundamental forms at x is defined as Bs(F,) = Bs(FY), where ly is the minimal integer
such that Bs(FY) is non-empty.

Proposition 4.2. [FH2(0, Theorem 3.7, Propositions 4.4 and Prop 5.4 (iii)]
Let X be a smooth projective variety of Picard number one that admits a C*-action of Euler type at a
general point x € X. Fiz a very ample line bundle L on X with associated fundamental forms F, for the
embedding f : X — PHY(X,L)Y. Let K be the family of minimal rational curves containing C*-stable
curves of minimal degree through x, and let C C PT(X) be the corresponding VMRT structure (Definition
). Then:
C. =Bs(F,) C PT, X

is an irreducible, nonsingular, and non-degenerate projective subvariety.

Next, we study the prolongation of infinitesimal linear automorphisms of C, C PT,X in the setting
of Theorem B.]|. Assume that for a general pair of points (x,y) on X, there exists a C*-action that is of
Euler type at z, and whose inverse action is of Euler type at y. We keep the notations as in Definition

. Fix C*-isomorphisms C*(z) = T, X and C~ (y) = T,Y such that the tangent maps at = and y are
the identity maps, respectively.

We fix a very ample line bundle £ on X and set V = H°(X, £)". Recall the weight decomposition:

V=@V, whereV,=H"X,L)Y,
k=0

and the surjective maps Il : SykamX —Vifor0<k<r.
Let f: X — PV be the projective embedding, and denote by p, and p, the linear actions of 7}, X and
T,X on V, respectively (@) Define:

g1 = Im(dp,) C gl(V), g-1 =1Im(dp,) C gl(V).

By construction, g1,9-1 C aut(X), so for any o € gy and 8 € g_1, the commutator y := [a, §] also lies
in aut(X ) Consider the one- parameter subgroup:

= {exp(z7) | z € C} C GL(V).

This group action on PV preserves X Moreover, we can explicitly compute the isotropy action of G
on T, X as follows. Recall from Proposition @ that II; : T, X — V; is an isomorphism.

Proposition 4.3. The points  and y are fized by G,. Let ®,: G, — GL(T,X) denote the induced
isotropy representation of G on T, X. Then, for any w € T, X, the following holds:

(4.1) I ((d®+)(7)(w)) = v, dpa(w)] - €o € Vi.
Moreover, if d®~(y) =0, then G, acts trivially on X.
Proof. By Theorem @(2), the weight conditions

-V CVipr and S-Viy1 CVy foreach0<k<r—1

imply that v- Vi, C V;, for all 0 < k < r. Thus, G- preserves each V. Since z = [eg] and y = [e,]|, where
Vo and V,. are one-dimensional (by Theorem EI , both = and y are fixed by G,. Furthermore, the
G-action commutes with the C*-action.

10



For any nonzero tangent vector w € T, X, identified with an element of C*(z), consider the holomor-
phic arc 8,, through z (see (@))

0,: C— X CPV,

z = f(zw) [Z zkI‘k (ep)

Let C,, denote the closure of its image. Then C,, is a nontrivial C*-orbit closure with source z. Since
G, commutes with C*, for any g € G, the curve g - C,, is also a C*-orbit closure through g -z = x.
Hence, g - f(w) € CT(x) for all w, meaning g - C"(z) C CT(z).

Via the isomorphism C*(z) 2 T, X, this induces a linear action of G, on T, X as follows. Writing
v - eg = ceg for some ¢ € C, we compute for g; = exp(ty):

ngyw(eo)] =
gt - f(w) =g - lzrk 60] =

From the definition we have f(g; - w) = g; - f(w), we deduce:

(4.2) I (g: - w) = I‘;f w(eo) = e g - T (w).

Since the differential of the isomorphism 7, X = C*(x) at 0 € T, X is the identity map, this action
coincides with the isotropy representation ®.. Therefore:

T ((d,)(7) () = T (5

60+thu, ) "’ZFg,w )1,
k=2

eo +e gy - TL (eo) + Z e gy - Fﬁ)(eo)] .
k=2

d
(9t -w)) = — I (g: - w)
t=0 dt{,_,

. (e7*g - My (w)) = —cIy (w) + v - Iy (w) = [, dds(w)] - eq,

T dt

where the first equality holds as II; is linear, and the last equality follows from II;(w) = Ty (eg) =
do.(w) - eg

For the final statement, observe that the action of G, on T, X = C*(z) is given by the exponential
of its Lie algebra. From (@), it corresponds to the action of

€_tcgt = ety —eldlvy)
on Vi, where the latter is the exponential of ¢(d®, (7)) via II;. Thus, if d®,(y) = 0, then ®.(G,) = Id.
Thus G., acts trivially on C*(z) = T, X, consequently on X since C*(x) is open and dense. O

As G, fixes z, it acts on the family of minimal rational curves through x. Thus the image of @, is
contained in Aut®(C,) and d®. () € aut(C,). Then under the identification IT;, we can rewrite Lemma
4.3 as follows, which is a generalization of the map (R.1)).

Corollary 4.4. Consider the linear map X : g_1 — Sym?*(V}") ® Vi given by:
(43) Mdpy(B):  Vix Vi — Vi
(I (), T1.(€)) — [[dpy (), dpz ()], dpz(€)]-0,
for any B € T,X and for any o,§ € T, X. Then Im(\) C aut(C,) V), under the identiication 11, .

Proof. A(dpy(8)) is symmetric because g1 = Im(dp,) is abelian. For any fixed o € T, X, 8 € T, X,
denote v = [dp,(8), dpz(a)] as above. We check that \(dp,(5))(IT;()) € aut(C,) under II;:

A(dpy(8)) (M1 (a)) (11 (£)) = [, dpa(§)]-e0 = II1 ((dP+)(7)(€)) ,
where the first equality is by definition, and the second equality is from (4.1) in Proposition 4.3.

The technical heart of our article is the following observation.

Proposition 4.5. X induces a bijection from g_, onto aut(Cy)™.
11



Proof. Assume that C, C PT, X is linearly normal. Then by Theorem (2)7 there is a natural inclusion:
aut(C,)V — T X,

From Proposition 4.8 below, any irreducible, nonsingular and non-degenerate projective subvariety S C
PW satisfying dim(aut(S)?) > dim(V) must be linearly normal. Thus it suffices to show that A is
injective.

Assume A(dp,(8)) = 0 for some nonzero 8 € T, X. For any a € T, X, define v, = [dp(8), dps(c)].
We show v, = {(a)Idy for some [ € T; X by proving G.,, acts by scalars. By Propositionﬁ it implies
that d®,,_ (o) =0, so G, acts trivially on X. Thus any v € Xisa G.,,-eigenvector. For any g € G,
we denote its eigenspaces in V' by {Vy) : ¢ € Jg}, where J, is a finite set of indices. Then we have
X CUces,PVye). As X is non-degenerate and irreducible, some V() =V, so g acts by scalars.

Let Us = {exp(dpy(tB)) : t € C} C Im(py) and V; = {exp(dpz(a)) : {(a) = 0} C Im(pz). By the
definition of [ it implies that Ug commutes with V;. By Corollary @7 x = [eg] is fixed by Us since
dpy(B) - eo = 0. The commuting actions imply V; -z is also Ug-fixed. But Ug, as a subgroup of T,)Y, acts
freely on C~ (y) = T, X, forcing V; - C C*(z) \ C~ (y).

We derive contradictions:

e If [ =0, then V; = Im(p,) and V; - = = C*(z). But C*(2) N O~ (y) # .0 as both are open dense.
e If | #0, then V; - z is a hyperplane in C*(z) = T, X. By Proposition B.5, D, := X\C~ (y) is an
irreducible divisor, so C*(2)\C~ (y) is an irreducible divisor of C" () and equals V] - .
Corollary @ gives O (2)\C ™ (y) = {w € T, X : n(s,)(w) = 0} where s, € H*(X, L).,.. Thus
Bs(FL) = {[w] € PT, X : n(s;)(w) = 0} is a hyperplane. But then C, = Bs(F,) C Bs(F%) is
linearly degenerate in PT, X, contradicting Proposition §.2.
O

4.2. Projective subvarieties with nonzero prolongations. Let us recall the classification result of
projective subvarieties with nonzero prolongations by Fu and Hwang as follows.

Theorem 4.6. [FH14, Main Theorem] and [FH1E8, Theorem 7.13] Let S C PV be an irreducible
nonsingular non-degenerate variety such that aut(S)1 # 0. Then S C PV is projectively equivalent to
one of the followings:

(1) The VMRT of an IHSS of rank > 2.

(2) The VMRT of a symplectic Grassmannian.

(3) A nonsingular linear section of Gr(2,5) C P of codimension < 2.

(4) A nonsingular P*-general linear section of S5 C P> of codimension < 3.

(5) Biregular projections of (1) and (2) with nonzero prolongations, which are completely described in
Section 4 of [FH1%] .

Remark 4.7. As noted in [FH18, Proposition 2.11], all nonsingular sections of G7(2,5) C PY with codi-
mension s < 3 are projectively equivalent.

The main result of this subsection is the following result based on Theorem 4.6.
Proposition 4.8. Let S C PV be one of the projective subvarieties in Theorem 4.6 (2)(3)(4)(5), then:
(4.4) dim(aut(S)V) < dim(V).

We will prove this proposition case by case based on Theorem @

4.2.1. Case (2) and (5). In these cases, the prolongation of aut(S) was explicitly formulated in [FH12].
First we consider Case (2) and the case of biregular projections of (2):

Lemma 4.9. Let W and @Q be vector spaces of dimensions k > 2 and m respectively. Set L = Sme(Q) C
V =Sym*(W @ Q) and U = V/L. For ¢ € Sym*(W @ Q) denote by ¢* € Hom(W" © QV, W @ Q) the
corresponding homomorphism via the natural inclusion Sym*(W @ Q) € Hom((W" & QV, W @® Q), and
denote by & its image in U. For Lo C U, let Im(Ls) be the linear space of {Im(¢™) : ¢ € Ly}. Define
Imy (L2) = Po(Im(Lg)) C W, where Pg : W & Q — W is the projection to the first factor, then:

(i) Denote by pr, : PV ——» P(V/L) the projection from PL. Let vy : P(W & Q) — P(Sym?(W & Q)) be
the second Veronese embedding, Z the proper image of Im(vy). Then Z C PV/L =PU is isomorphic to
the VMRT of the symplectic Grassmannian Gry(k,%) at a general point and aut(Z)™ = Sym?(WV).

(ii) If Z N PLy = 0, then aut(pr, (2))V = Sym®(W/Imw (L»))".
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(iii) dim(aut(Z)V) < dim(V/L). Let Ly C U be as in (i), if aut(pr,(Z ))(1) %0, then:
dim(aut(pLQ(Z))(l)) < dim(U/Ly).

Proof. (i) and (ii) are from [FH12, Proposition 4.18].

Under the identification: V = Sym?*(W @ Q) € Hom(W" @ QV,W & Q), we write U = V/L =
Sym?*(W) @ Hom(Q",W), where we identify Sym?(W) inside Hom(W",W). Thus dim(V/L) >
dim(aut(Z)V) as Hom(QY,W) # 0. Take a basis of Imy (L2) to be ey,...,e; and extend it to a
basis of W: ey, ..., e, €141, ..., €. Then by the definition of Iy (L), we have:

Ly C{(¢,n) € Sym*(W) & Hom(Q", W) | Im(¢*) C Imw (L2) and Im(n) C Imw (L2)}
= Sym?®(Imw (La)) ® Hom(Q", Imw (L2)),
¢

tt+1)
2

whence dim(Lg) < -+ mt. Then:

dim(U/Ly) — dim(aut(pr, (2)) V) > + km — @ P G t><k2 —t+1)

= (m+t)(k—1) >0,

k(k + 1)
2

where k —¢ > 0 as aut(pL2( NW £ 0. O

By [FH12, Main Theorem (C)], the other cases of (5) are biregular projections of the VMRT of
Gr(a,a+1),S, and Lag(n,2n) respectively. We prove these cases by the following three lemmas.

Lemma 4.10. Let A and B be vector spaces with a = dim(A) = b= dim(B) > 3. Let V = Hom(A, B).

For a subspace L C V', set Im(L) = {Im(¢) C B:¢p € L}. Ker(L) = ﬂ Ker(¢). Then:
peL
(i) S ={[¢] € PV : rank(¢) < 1} C PV is pmjectwely isomorphic to the VMRT of Gr(a,a + b).

(iii) Let L C V such that LN Sec(S) =0, then aut(pL(S))(l) >~ Hom(B/Im(L), Ker(L))

(iii) Let L C 'V be as in (ii), if aut(pr(S))D £ 0 then dim(aut(py(S))V) < dim(V/L).
Proof. (i) and (ii) are from [FH12, Proposition 4.10]. For (iii), denote s = dim(Ker(L)) and ¢t =
dim(Im(L)), by the definition we have

Lc {QS € Hom(A, B) : ¢|Ker(L) = Oajm(d)) C Im(L)} = Hom(A/Ker(L),Im(L)),

implying dim(L) < (a — s)t. Thus
dim(V/L)— dzm(aut(pL(S))(l)) =ab—dim(L)—(b—t)s 2 ab—(a—s)t—(b—t)s = (a—t)(b—t)+st > 0,
where s < a and t < b as aut(pL( NW £0. O

Lemma 4.11. Let W be a vector space of dimension n > 6. V. = A*W. For each ¢ € N°W, denote by
¢* € Hom(WV, W) via the inclusion N°W C W @ W = Hom(W",W). For a subspace L C V, define
Im(L) C W as the linear span of {Im(¢?) C W,¢ € LY. Then:

(i) S={[¢] €V :rk(¢) <2} CPV is isomorphic to the VMRT of S,,.

(ii) If L C V such that PL N Sec(S) = 0, then aut(pr,(S)) D = A2(W/Im(L))".
(iii) Let L C V be as in (i), if aut(m)(l) # 0, then dzm(m)(l)) < dim(V/L).

Proof. (i) and (ii) are from [FH12, Pr0p081t10n 4.11]. For (iii) take a basis of Im(L) to be ey, ...,e; and

extend it to a basis of W: ey, ...,et, €441, ..., €n. Denote the dual basis of WY to be fi, ..., f, such that
fi(ej) = 6;; for any 1 < 4,5 < n. Identify Hom(WV, W) with M,,«,(C) through:
(4.5) Hom(WY, W) — M,xn(C)

A— A= (a;; :1<1,j<n)
such that A(f;) = Z aije;. Then V corresponds to all skew-symmetric matrices. Now
j=1
Lc{AeV :ImA CcImL)}={AecV:a;=0if i>r+1or j>r+1},
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t(t—1)

thus dim(L) < . Then

n(n —1) (n—t)(n—t—-1)

dim(V/L) — dim(aut(pr,(S))(V) = — dim(L) — 5
S n(n; 1) B t(t;l) B (nft)(réftfl) —tn—1) >0,
where t > 0 as L # 0 and t < n as aut(pr (S ))(1) # 0. O

Lemma 4.12. Let W be a vector space of dimension n > 3. V. = Sym?W. For each ¢ € Sym*W
denot by ¢* € Hom(W", W) via the inclusion Sym>W C W @ W = Hom(W",W). For a subspace
L CV, define Im(L) C W as the linear span of {Im(¢*) C W, ¢ € L}. Then:

(i) S ={[¢] € V :rk(¢) < 1} C PV is isomorphic to the VMRT of Lag(n,2n).

(ii) If L C V' such that PL N Sec(S) =0, then aut(pL(S))(l) = Sym (W/Im(L))".

(iii) Let L C V be as in (i), if aut(m)(l) # 0, then dzm(pL(S))(l)) < dim(V/L).
Proof. (i) and (ii) are from [FH12, Proposition 4.12] . For (iii), as in Lemma 3.11 we take a basis of

Im(L) to be ey, ..., e, and extend it to a basis of W to be ey, ..., e,, €41, ..., €,. Denote the dual basis to
be f1,..., fn. Keep the identification (3.5) then V corresponds to all symmetric matrices and we have

Lc{AeV :ImA) CcImL)}={AecV:aq;=01if i>r+1or j>r+1},

1
r(r+1) and thus

implying dim(L) <

dim(V/L) — dzm(aut(pL(S))(l)) w — dim(L) — (n— 7")(7”;— r+1)
nn+1) rr+1) @m-—rn-r+1)
- 2 B 2 - 9 =r(n— 7“) > 0,
where r > 0 as L # 0 and r < n as aut(p (S ))(1)?&0 O

4.2.2. Case (3). Let X = Gr(2,5) C PY. For each k = 1,2, denote by X, C P?~* the nonsingular linear
section of codimension k. Then the case when S = X; follows from [FH12, Section 3.4] and the case of
X, follows from [BFM20, Lemma 4.6].

4.2.3. Case (4). Let X = S5 € P®. For each k = 1,2.3. denote by X, C P!~* the nonsingular
P%-general linear section of codimension k as described in [FH18, Proposition 2.12].

(i) The case when S = X follows from [FH12, Section 3.3].

(ii) By [FH18, Proposition 7.6] X3 is quadratically symmetric. The VMRT of X3 at a general point is
a nonsingular linear section of Gr(2,5) C P? of codimension 3, which has zero prolongations by Theorem

. Then by the proof of [FH12, Theorem 6.15] we conclude that aut(Xs) = C.

(iii) To prove the case when S = X5 we recall the following characterization of Xs proved by Kuznetsov.

Theorem 4.13. [Kuzl8, Proposition 6.1 and Lemma 6.7] Let Xy C X be a nonsingular linear section
of X of codimension 2, then the followings are equivalent:

(a) Xk is projectively equivalent to Xs;

(b) The Hilbert space Fy(X ) of linear 4-spaces on Xk is non-empty;

(c) There exists a line L in Xk such that

(4.6) Nijxy =2 00(=2) © 0L(1)%0
Moreover, such line is unique and is equal to the intersection of all linear 4-spaces on X .

Now assume, for the sake of contradiction, that dim(aut(X)®)) = dim(V). Take L as the line defined
in Theorem 4.13. For any point x = [2] € L, take a linear function [ € V" such that [(%) # 0. Then,

by Theorem (2)7 there exists a C*-action on X5 which is of Euler type at z. We shall deduce a
contradiction from this C*-action using the following lemmas.

Lemma 4.14. There are exactly three different weight subspaces of the C*-action on V.

Proof. From Theorem (2)7 the linear action of C* on V has at most three different weight subspaces.

On the other hand, if it admits only two different weights, then from Proposition B.5(3), one easily sees

that X is isomorphic to a projective space, which leads to a contradiction. ([
14



Under the setting of Definition @ we have r = 2. Denote by W =V, U = V5 and f : Xo — PV
the projective embedding. Then we have: dim(V) = 14, dim(W) = dim(T,X3) = 8 and dim(U) =
dim(V) —1—dim(W) = 5. We now check that the C*-action on X5 satisfies the following two properties.

Lemma 4.15. The C*-action on Xo has exactly three irreducible components ofXg* : the isolated source
{z}, the unique component Y1 contained in PW, and the unique component Yo contained in PU.

Proof. First, note that for any fixed component Y € Y, Y C PV, for some k. If Y € PW, then a C*-orbit
whose sink lies in Y has its source equal to . Thus, by [ORSW22, Lemma 2.8] and [RW2(, Lemma 3.5],
such Y is unique, and C~(Y) is a line bundle over Y. If Y C PU, we see that v*(Y) = 0, whence Y is
the unique sink of the C*-action. O

Lemma 4.16. We have dim(Y7) > 0.

Proof. Assume that Y7 = {y} is a single point. If dim(Y3) = 0, then by [RW20, Lemma 3.5] we
have v (Y1) = v~ (Y1) = 1, and thus dim(Xz) = dim(7},S2) = v (Y1) + v~ (Y1) = 2 < 8, which is a
contradiction. If dim(Yz) > 0, then we have D, = X2\C*(x) = C*(y) U Y. This implies that Y3, as a
divisor of D, is of dimension 6, contradicting the fact that Y, C PU = P*. (]

Now, since L is the intersection of all linear 4-spaces in X5, it is C*-invariant. Moreover, as © € L and
the action is of Euler type at x, we conclude that L is a non-trivial C*-orbit closure with source = = [eg].
Denote the orbit by C* - f(w) = {[eg + 2111 (w) + 27?1z (w, w)] : z € C*} for some nonzero w € T, X,
and denote by y the sink of the orbit. Then we must have Ily(w,w) = 0, and y € Y;. Otherwise, the
sink of the orbit would be [IIz(w,w)] € PU. In that case, the line L would be contained in P(Ceq & U),
contradicting the fact that II; (w) # 0 as Il is injective by Proposition @(3)

Now take any point y' € Y7, and denote by L,/ the unique non-trivial C*-orbit closure with sink y’
and source z. _Then L,/ is exactly the line connecting z and y’. By [ORSW22, Lemma 2.16] and the
proof of [ORSW22, Proposition 2.17], the splitting type of Tx,|[r, , is determined by the weights of the
isotropy action of C* on T,/ Xs. As Y is irreducible, the weights of C* on T,/ X, remain invariant as
y varies in Y7. This implies that the splitting type of T, | Ly, also remains invariant, contradicting the
uniqueness of L as dim(Y;) > 0.

Thus, we conclude that dim(aut(X5)™®) < dim(V). This completes the proof of Proposition @

5. PROOF OF THE MAIN RESULT

In this section we will prove Theorem @ First Theorem @ enables us to characterize an Euler-
symmetric variety by its VMRT. We present a C*-equivariant version for our convenience.

Corollary 5.1. Let X, X’ be two Fano manifolds of Picard number 1. Assume that for a general point
x on X and for a general point x’' on X', there are C*-actions on X and X' such that the actions are of
Euler type at x and ', respectively. Denote by K,K' the families of minimal rational curves on X and
X', which contain the C*-stable curves of minimal degree through x and x', respectively. Let C C PT(X)
and C' C PT(X') be the associated VMRT structures on X and X'. If C, is projectively isomorphic to
C'yr, then there exists a C*-equivariant isomorphism ¥ : X — X' that maps x to z’.

Proof. Assume that the projective isomorphism between C, C PT,X and C',» C PT,, X’ is induced by
a linear isomorphism 1 : T, X — T,»X'. Then, the identifications C*(z) = T, X and C*(2') = T, X'
induce an isomorphism ¢ : C*(x) — CT(2'). By Proposition {f.2, their VMRTs at general points are
both irreducible and nonsingular.

To extend 1), it suffices to check that the differential map of 1) preserves the VMRT at a general point.
Since x and z’ are both general points, by Proposition @(2), the action of T, X on O (x) and the
action of T,y X" on C*(2’) can be extended to actions on X and X', respectively. This implies that the
VMRT structures over C " (x) and C*(2’) are locally flat. Specifically, the isomorphism C*(z) = T, X
yields an identification PT(X)|c+(,) = C*(2) x PT, X, under which the VMRT structure corresponds
to Clo+(x) = Ct(2) x C; (and similarly for X').

Thus, by the definition of ¢, for any point y € C*(x), the differential map a@y must map C, isomor-
phically onto Clﬂ(y)' This guarantees the existence of an extension ¥ : X — X',

Finally, by our assumption that v is C*-equivariant, it follows that W is also C*-equivariant, as C" (x)
is open and dense in X. O

We are ready to prove our main result.
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Proof of Theorem . If X = G/P, is an THSS of tube type as in Remark (3), then X is the
equivariant compactification of the vector groups R, (P, ) and R,(P,) respectively, where © = [P,] is

fixed by R, (P,) and y = wq - z is fixed by R, (P, ). Consider the morphism
R (Py) x Ry(Py) = X x X, (u,v)— (w-z,u-y).

Its image is dense and constructible; hence, it contains a dense open subset. Moreover, for any element
(uv - z,u - y) in the image, we can define a C*-action on X by:

C*'xX — X, (t,x)— wvt(uw) -z,

such that the C*-action is of Euler type at the source & = uv - x and its inverse action is of Euler type
aty=wv-y=u-y.

Conversely, assume that for a general pair of points z,y on X, there is a C*-action which is of Euler
type at z and whose inverse action is of Euler type at y. Let K be the family of minimal rational
curves containing C*-stable curves of minimal degree through z, and let C C PT(X) be the associated
VMRT structure. By Theorem B for the projective embedding C, C PT, X, we have dim(aut(C,)™") =
dim(7, X).

Thus, by Theorem @ and Proposition @ the variety must be projectively isomor hic to the VMRT
of an THSS. Let us denote this IHSS by X’. Consider the C*-action defined in Remark ). for which 2’
is an isolated source. The quadruple (X, z, X', 2") then satisfies the hypotheses of Corollary @ implying
that X is C*-equivariantly isomorphic to X’. Moreover, since the C*-action on X has an isolated sink
and an 1solated source, the isomorphism forces X’ to be an THSS of tube type, as characterized in

Remark P [l
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