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Abstract. A C∗-action on a projective variety X is said to be of Euler type at a nonsingular fixed
point x if the isotropy action of C∗ on TxX is by scalar multiplication. In this paper, it is proven that a
smooth projective variety of Picard number one X is isomorphic to an irreducible Hermitian symmetric
space of tube type if and only if for a general pair of points x, y on X, there exists a C∗-action on X

which is of Euler type at x and its inverse action is of Euler type at y.

1. Introduction

1.1. Main result. The study of complex torus actions on algebraic varieties is a classical topic in
algebraic geometry. It is an interesting problem to classify algebraic varieties with special C∗-actions.
Let X be a smooth projective variety. A C∗-action on X is said to be equalized at a fixed point x if
any weight of the isotropy action on the tangent space TxX equals to 0 or ±1. We call the action to be
equalized if it is equalized at each fixed point. Denote by XC∗

the set of fixed points of the C∗-action.
An irreducible component of XC∗

is called extremal if it intersects with general C∗-orbit closures. In
the series of works [RW20] [ORSW22] [ORSW21], the authors study equalized C∗-actions on projective
manifolds with isolated extremal fixed components. For rational homogenous spaces they proved the
following:

Theorem 1.1. [ORSW21] Let X = G/P be a rational homogeneous space of Picard number one, then
X admits an equalized C∗-action with two isolated extremal fixed points if and only if X is isomorphic to
one of the followings:

(i) a smooth hyperquadric Qn,
(ii) the Grassmaninan variety Gr(n, 2n),
(iii) the Lagrangian Grassmannian variety Lag(n, 2n),
(iv) the spinor variety S2n,
(v) the 27 dimensional E7-variety E7/P7.

The varieties classified above are exactly irreducible Hermitian symmetric spaces (IHSS for short) of
tube type. Recall that an IHSS is said to be of tube type if its dual, as a bounded symmetric domain,
is holomorphically equivalent to a tube domain over a self-dual cone. It is therefore a natural problem
to characterize IHSS of tube type by C∗-actions in a more general context. A C∗-action on a projective
manifold X is said to be of Euler type at a fixed point x if the isotropy action of C∗ on TxX is by scalar
multiplication. In Theorem 1.1, by taking certain conjugates of C∗ in the automorphism group of X one
can show that for a general pair of points x, y on X there exists a C∗-action which is of Euler type at x
and its inverse action is of Euler type at y. Here, a general pair of points (x, y) in X ×X is one that lies
in some Zariski open dense subset. Our main result proves the converse:

Theorem 1.2. Let X be a smooth projective variety of Picard number one, then X is isomorphic to an
IHSS of tube type if and only if for a general pair of points x, y on X, there exists a C∗-action on X
which is of Euler type at x and its inverse action is of Euler type at y.

1.2. Outline of the proof. The main ingredient of the proof is the theory of varieties of minimal
rational tangents (VMRT for short) developed by Hwang and Mok. Let X be a Fano manifold of Picard
number one and let K be a fixed irreducible dominant family of minimal rational curves on X. The
VMRT at a general point x ∈ X is the closed subvariety Cx ⊆ PTxX consisting of the closure of tangent
directions at x of general curves in K passing through x. A large part of the global geometry of the
manifold is encoded in the VMRT Cx ⊆ PTxX at a general point x.. The first step is to show that X
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in Theorem 1.2 is an equivariant compactification of vector group, hence X can be recovered from its
VMRT by Cartan-Fubini type theorem [HM01, Theorem 1.2]. Then we follow the methods developed
in [HM05] [FH12] to classify the projective subvariety Cx ⊆ PTxX by studying the prolongation of its
infinitesimal linear automorphisms.

A crucial step of our proof is the following result.

Theorem 1.3. Let X be a smooth projective variety of Picard number one. Assume for a general pair
of points (x, y) ∈ X ×X , there is a C∗-action on X which is of Euler type at x and its inverse action
is of Euler type at y, then for the VMRT Cx ⊆ PTxX we have:
(1.1) dim(aut(Ĉx)(1)) = dim(X)

Here, aut(Ĉx)(1) denotes the space of first prolongations of the VMRT Cx ⊂ PTxX. We refer to
Section 2.2 for the precise definitions of the VMRT and its prolongations.

The identity (1.1) is known to hold for any IHSS (see Section 2.3). Now assume that X satisfies
the conditions of Theorem 1.2. The natural actions of the vector groups TyX and TxX on themselves
can be extended to equivariant compactifications on X. Choosing a suitable non-degenerate projective
embedding X ⊆ PV . The actions of TyX and TxX on X can be lifted to linear actions on V (Theorem
3.1). Identifying Lie(TyX), Lie(TxX) with their images in gl(V ), the adjoint actions of the two Lie
subalgebras inside gl(V ) will induce the identification: Lie(TyX) ∼= aut(Ĉx)(1) (Proposition 4.5).

In [FH12] Fu and Hwang classified irreducible non-degenerate nonsingular projective subvariety S ⊆
PV with nonzero prolongations. Most of them are the VMRT of an IHSS or a nonsingular linear
section of some IHSS. Using a case-by-case calculation of dim(aut(Ŝ)(1)), we show that Cx ⊆ PTxX is
projectively isomorphic to the VMRT of an IHSS (Proposition 4.8). Then, by a C∗-equivariant Cartan-
Fubini extension theorem (Corollary 5.1), we conclude that X is C∗-equivariantly isomorphic to an IHSS.
The C∗-action on IHSS was studied in detail in [ORSW21], as a corollary it has two isolated extremal
fixed points if and only if it is isomorphic to an IHSS of tube type.

The article is organized as follows. In Section 2 we recall basic definitions and facts used in the
sequel, illustrating them in the context of IHSS. In Section 3 we first review the approach in [FH20]
to associate C∗-actions with vector group actions, then apply it to the case when the C∗-action has
two isolated extremal fixed points. Section 4 studies prolongations of projective varieties. We first
prove Theorem 1.3, then calculate the dimension of prolongation for certain projective subvarieties with
nonzero prolongations. Section 5 completes the proof of our main result.

Notations. Throughout this article we work over the field of complex numbers. Given a line bundle L
on a variety X, the principal open subset of a section s ∈ H0(X,L) is denoted by D+(s) = {x ∈ X :
s(x) 6= 0}, and the cycle-theoretic zero locus of s is denoted by Z(s). For a vector space V of dimension
n, C[V ] ∼= ⊕k⩾0 Sym

k(V ∗) is realized by assigning a function f on V the polynomial Pf =
∑
k⩾0

Pf,k such

that f(v) =
∑
k⩾0

Pf,k(v, v, . . . , v).

2. Preliminaries

2.1. C∗-actions, vector group actions, and Euler-symmetric varieties. In this section we intro-
duce some notations and conventions on C∗-actions and vector group actions.

Definition 2.1. Let X be a projective variety with a C∗-action.
(1) For a point x ∈ X, the source x+ and the sink x− of x are defined as

x+ = lim
t→0

t · x, x− = lim
t→∞

t · x.

(2) Denote by XC∗
the fixed locus of the action, and by Y the set of irreducible components of XC∗

.
The sink X0 and source X∞ are the extremal components characterized by the property that for
a general point x ∈ X, we have x+ ∈ X0 and x− ∈ X∞.

(3) When X is smooth, each fixed component Y ∈ Y is smooth by [Ive72]. For each Y ∈ Y, the
Białynicki-Birula cells are defined as

C±(Y ) = {x ∈ X | x± ∈ Y }.
The isotropy action of C∗ on TX|Y induces a decomposition

TX|Y = T+(Y )⊕ T−(Y )⊕ TY,
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where T+(Y ) and T−(Y ) are the subbundles on which C∗ acts with positive and negative weights,
respectively.

We recall the following theorem of Białynicki-Birula [BB73].

Theorem 2.2. Let X be a smooth projective variety with a C∗-action.
(1) For each Y ∈ Y, the sets C±(Y ) are locally closed, and there are decompositions

X =
⋃
Y ∈Y

C+(Y ) =
⋃
Y ∈Y

C−(Y ).

(2) For each Y ∈ Y, there are C∗-equivariant isomorphisms C+(Y ) ∼= T+(Y ) and C−(Y ) ∼= T−(Y ),
lifting the natural maps C±(Y ) → Y . Moreover, these maps are algebraic and give Cv

±(Y )-
fibrations, where v±(Y ) = rank(T±(Y )).

For a C∗-action on a normal projective variety X equipped with a very ample line bundle L, we define
its normalized linearization as follows.

Lemma 2.3. Let X be a normal projective variety with a C∗-action, and L a very ample line bundle on
X.

(1) There exists a linearization of the C∗-action on L (cf. [Bri15, Theorem 2.14]). This induces an
action on H0(X,L) with a weight decomposition:

H0(X,L) =
r⊕

k=0

H0(X,L)wk
,

where each H0(X,L)wk
is a nonzero weight subspace of weight wk.

(2) The linearization is normalized if the weights are ordered as

0 = w0 > w1 > · · · > wr.

Such a normalization is unique, since any two linearizations differ by a character of C∗.

We recall the definition of an equivariant compactification of vector group.

Definition 2.4. Let G = Cn be the complex vector group of dimension n. An equivariant compactification
of the vector group G ∼= Cn is a projective variety X of dimension n equipped with an algebraic action of
G that has a Zariski open orbit O ⊂ X. In particular the orbit O is G-equivariantly isomorphic to G.

Next, we introduce Euler-symmetric varieties, as defined in [FH20]. These varieties arise as equivariant
compactifications of vector groups and are characterized by the presence of Euler type C∗-actions.

Definition 2.5. Let Z ⊆ PV be a projective subvariety. A C∗-action on Z is called of Euler type at a
nonsingular fixed point x if the isotropy action on the tangent space TxZ is by scalar multiplication. We
say Z ⊆ PV is an Euler-symmetric variety if for a general point x ∈ Z, there exists a C∗-action which
is of Euler type at x, where the C∗-action comes from a multiplicative subgroup of GL(V ).

While our definition differs slightly from that of [FH20], the equivalence between these formulations
follows from the fundamental characterizations of Euler-symmetric varieties given below.

Theorem 2.6. Let X be a normal projective variety equipped with a very ample line bundle L. The
following conditions are equivalent:

(1) For a general point x ∈ X, there exists a C∗-action on X that is of Euler type at x;
(2) X is an equivariant compactification of a vector group, and the scalar multiplication of C∗ on

this vector group extends to a C∗-action on X;
(3) The projective embedding X ⊂ PH0(X,L)∨ is Euler-symmetric.

Proof. (3) ⇒ (2) follows from [FH20, Theorem 3.7]. The implication (2) ⇒ (1) is clear. Finally, (1) ⇒
(3) follows from Lemma 2.3(1). �
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2.2. VMRT and prolongations. The main ingredients of our study are the VMRT theory of Fano
manifolds and prolongations of projective subvarieties. Below we introduce the basic definitions and
results used in what follows.

Definition 2.7. Let X be a Fano manifold of Picard numbr one. An irreducible component K of the
space Ratcurvesn(X) of rational curves on X is called a minimal rational component if the subvariety
Kx of K parameterizing curves passing through a general point x ∈ X is non-empty and proper. Curves
parameterized by K are called minimal rational curves. Let ρ : U → K be the universal family and µ :
U → X the evaluation map. The tangent map τ : U 99K PT (X) is defined by τ(u) = Tµ(u)(µ(ρ

−1(ρ(u)))).
The closure C ⊂ PT (X) of its image is the total space of variety of minimal rational tangents. The
natural projection C → X is a proper surjective morphism and a general fiber Cx ⊂ PTxX is called the
variety of minimal rational tangents (VMRT for short) at the point x ∈ X.

Let us recall the Cartan-Fubini type extension theorem proved by Hwang and Mok [HM01]. We will
use the following version taken from [FH12, Theorem 6.8]

Theorem 2.8. Let X1 and X2 be two Fano manifolds of Picard number 1, different from projective
spaces. Let K1 and K2 be families of minimal rational curves on X1 and X2 respectively. Assume that
for a general point x ∈ X1, the VMRT Cx ⊂ PTx(X1) is irreducible and nonsingular. Let U1 ⊂ X1

and U2 ⊂ X2 be connected analytical open subsets. Suppose that there exists a biholomorphic map
ψ : U1 → U2 such that for a general point x ∈ U1, the differential dψx : PTx(U1) → PTψ(x)(U2) sends Cx
isomorphically to Cψ(x). Then there exists a biregular morphism Ψ : X1 → X2 such that ψ = Ψ|U1

.

Remark 2.9. Let X be a smooth projective variety of Picard number one satisfying one of the conditions
in Theorem 2.6. Then:

(1) X is a Fano manifold because it is uniruled;
(2) For a suitably chosen family of minimal rational curves K, the associated VMRT is irreducible

and nonsingular at general points (Proposition 4.2).

Definition 2.10. (1) Let g ⊆ gl(V ) be a Lie subalgebra. The k-th prolongation of g is the space of
symmetric multilinear homomorphisms A : Symk+1V → V such that for any fixed v1, . . . , vk ∈ V ,
the linear map Av1,...,vk : V → V defined by

v 7→ A(v, v1, . . . , vk)

belongs to g.
(2) Let S ⊆ PV be a projective subvariety with affine cone Ŝ ⊆ V . The Lie algebra of infinitesimal

linear automorphisms of Ŝ is

aut(Ŝ) =

{
g ∈ End(V )

∣∣∣∣∣ g(α) ∈ Tα(Ŝ) for all smooth points α ∈ Ŝ

equivalently, exp(tg) · Ŝ ⊂ Ŝ for all t ∈ C

}
.

Its k-th prolongation aut(Ŝ)(k) is called the k-th prolongation of S ⊆ PV .

We now state some fundamental results about prolongations:

Theorem 2.11. [HM05, Theorems 1.1.2 and 1.1.3] Let Y ⊂ PV be an irreducible, smooth, non-
degenerate, and linearly normal subvariety.

(1) aut(Ŷ )(2) = 0.
(2) For any non-zero A ∈ aut(Ŷ )(1), there exists a unique non-zero linear functional λA ∈ V ∗

satisfying:
(a) For all α ∈ V ,

Aα,α = λA(α)α;

(b) For all α ∈ Ŷ and α′ ∈ Tα(Ŷ ),
λA(α)α

′ + λA(α
′)α = 2Aα,α′ .

Consequently, for any point y = [α] ∈ Y with λA(α) 6= 0, there exists Ey ∈ aut(Ŷ ) that generates
a C∗-action on Y of Euler type at y.

Furthermore, in [FH12,FH18] Fu and Hwang provided a complete classification of irreducible, smooth
and non-degenerate projective subvariety with non-zero prolongations. See Theorem 4.6 for a full list.
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2.3. Examples: irreducible Hermitian symmetric spaces. In this subsection we illustrate our
definitions from previous sections in the context of rational homogeneous spaces of Picard number one.
Most of this material can be found in [Arz11], [FH20], [HM05], and [ORSW21].

2.3.1. G/P as Euler-symmetric varieties. Let G be a simple algebraic group of adjoint type. Let B ⊂ G
be a Borel subgroup and T ⊂ B a maximal torus. We denote by Φ the root system, ∆ ⊂ Φ the set
of simple roots, and D the Dynkin diagram. Let g = Lie(G) be the Lie algebra of G with Cartan
subalgebra h ⊂ g. A rational homogeneous G-variety is a projective variety of the form X = G/P . Up
to conjugacy, it can be obtained as follows. For any subset I ⊂ ∆, we denote by PI = BWD\IB the
standard parabolic subgroup associated to I, where WD\I is the subgroup of the Weyl group W generated
by simple reflections corresponding to D\I. Similarly, let P−

I be the opposite parabolic subgroup. The
associated rational homogeneous space is denoted by X = G/PI , which is a smooth projective rational
variety of Picard number |I|. In what follows, we always assume I = {α} for some simple root α ∈ ∆.
We denote by H ⊂ Pα the Levi subgroup.

For any root β ∈ Φ, let mα(β) denote the multiplicity of α in β. This induces a Z-grading of g:

g =
⊕
k∈Z

gk, gk =
⊕

mα(β)=k

gβ .

Proposition 2.12. [Arz11] [FH20] Let X = G/Pα be a rational homogeneous space of Picard number
one. Assume G ∼= Aut0(X) is of adjoint type. Then the following conditions are equivalent:

(1) X ⊂ PV is an Euler-symmetric variety under its minimal G-equivariant embedding given by the
generator of Pic(X);

(2) X is an equivariant compactification of a vector group;
(3) The grading of g with respect to α is short, i.e., g = g−1 ⊕ g0 ⊕ g1.

In case (3), we have g0 = Lie(H), g1 = Lie(Ru(Pα)), and g−1 = Lie(Ru(P
−
α )).

Remark 2.13. X = G/P ⊂ PV is called an irreducible Hermitian symmetric space (IHSS) if it satisfies
any of the above equivalent conditions. In this case, we can describe the Euler-type C∗-action and the
vector group action on X as follows. Denote by x = [Pα], y = w0 ·x, where w0 ∈W is the longest element
in the Weyl group.

(1) Both Ru(P−
α ) and Ru(Pα) are vector groups, and X is an equivariant compactification of Ru(P−

α )
with the open orbit Ru(P−

α ) · x;
(2) There exists a unique element H ∈ t satisfying β(H) = −δα,β for all β ∈ ∆. The corresponding

one-parameter subgroup induces a C∗-action on X that is of Euler type at x.
(3) The C∗-action in (2) has an isolated source if and only if X is isomorphic to an IHSS of tube

type (as classified in Theorem 1.1), where the source is given by y = w0 · x. In this case, the
inverse action is of Euler type at y, and X is an equivariant compactification of the vector group
Ru(Pα), with the open orbit being Ru(Pα) · y.

2.3.2. VMRT of an IHSS and its prolongations. Maintaining the above notation, assume X = G/Pα ⊂
PV is an IHSS under its minimal embedding as in Proposition 2.12. Then X is covered by a unique
family K of lines in PV . Denote by C ⊂ PT (X) the associated VMRT structure as in Definition 2.7. Fix
x = [Pα] as the base point which is fixed by H. We now describe the VMRT at x and its prolongations.

(1) TxX ∼= g1, and Cx ⊂ PTxX is the unique closed H-orbit in Pg1;
(2) aut(Ĉx) ∼= g0 via the adjoint action of g0 on g1;
(3) aut(Ĉx)(1) ∼= g−1 via the adjoint action:

g−1 → Hom(g1, g0), α 7→ (β 7→ [α, β]),(2.1)

where the image lies in Sym2 T ∗
xX ⊗ TxX since g1 is abelian.

We list IHSS and their VMRTs in the following table.

Table 1. IHSS and their VMRTs

IHSS X = G/P Qn Gr(a, a+ b) Sn Lag(n, 2n) E6/P1 E7/P7

VMRT Cx Qn−2 Pa−1 × Pb−1 Gr(2, n) Pn−1 S5 E6/P1

Cx ⊂ PTx(X) Hyperquadric Segre Plücker second Veronese Spinor Severi
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3. From C∗-action to vector group action

The main result in this section is to refine the characterizations of Euler-symmetric varieties given in
Theorem 2.6, adapting them in our setting.

Theorem 3.1. (Proposition 3.7 and Corollary 3.8) Let X be a smooth projective variety of Picard
number one. Suppose that for a general pair of points (x, y) ∈ X × X, there exists a C∗-action on X
which is of Euler type at x, and its inverse action is of Euler type at y.

(1) Fix C∗-equivariant isomorphisms C+(x) ∼= TxX and C−(y) ∼= TyX as in Theorem 2.2(2). There
exist unique vector group actions of TxX and TyX on X, extending their actions on C+(x) and
C−(y), respectively.

(2) Let L be a very ample line bundle on X, and let V = H0(X,L)∨ with f : X ↪→ PV the cor-
responding projective embedding. Then the normalized C∗-linearization (Lemma 2.3) induces a
weight decomposition

V =

r⊕
k=0

Vk,

where each Vk has weight k, with V0 and Vr one-dimensional subspaces satisfying f(x) = [V0]
and f(y) = [Vr].

Moreover, the actions of TxX and TyX on X uniquely lift to V via representations
ρx : TxX → GL(V ), ρy : TyX → GL(V ),

satisfying the weight compatibility conditions:
dρx(Vk) ⊂ Vk+1, dρy(Vk) ⊂ Vk−1.

The vector group actions are defined in terms of the fundamental forms, as established in [FH20, The-
orem 3.7] (see also (3.3)). We first recall the definition of fundamental forms, following the conventions
of [LM03] and [FH20].

Definition 3.2. (1) Let x ∈ X ⊆ PV be a nonsingular point of a non-degenerate projective variety, and
let L = OPV (1)|X be the line bundle on X. For each nonnegative integer k, mkx,X be the k-th power of the
maximal ideal mx,X . For a section s ∈ H0(X,L), let jkx(s) be the k-jet of s at x such that j0x = sx ∈ Lx.
The induced homomorphism :

(V ∨ ∩Ker(jk−1
x ))/(V ∨ ∩Ker(jkx)) → Lx ⊗ SymkT ∗

xX

is injective. For each k > 2, the subspace Fkx ⊆ SymkT ∗
xX defined by the image of this homomorphism

is called the k-th fundamental form of X at x. Set F 0
x = C and F 1

x = T ∗
xX. The collection of subspaces

Fx = ⊕k⩾0Fkx ⊂ ⊕k⩾0Sym
kT ∗

xX is called the system of fundamental forms of X at x.
(2) Let W be a vector space. For w ∈W , the contraction homomorphism ιw : Symk+1W∨ → SymkW∨

sending φ ∈ Symk+1W∨ to ιwφ ∈ SymkW∨ is defined by:
ιwφ(w1, ..., wk) = φ(w,w1, ..., wk)

for any w1, ..., wk ∈W . By convention we define ιw(Sym0W∨) = 0.
(3) A subspace F = ⊕k⩾0Fk ⊂ ⊕k⩾0Sym

kW∨ with F0 = C,F1 = W∨,Fr 6= 0, and Fr+i = 0 for all
i > 1 is called a symbol system of rank r if ιwFk+1 ⊆ Fk for any w ∈W and any k > 0.

We recall the following theorem of Cartan (see for example [LM03, Section 2.1]).

Theorem 3.3. Let X ⊆ PV be a non-degenerate projective subvariety, and let x ∈ X be a general point.
Then the system of fundamental forms Fx ⊂ ⊕k⩾0Sym

kT ∗
xX is a symbol system.

In the rest of this section, we adopt the following assumption.

Definition 3.4. Let X be a smooth projective variety admitting a C∗-action of Euler type at a fixed point
x. Let L be a very ample line bundle on X, and set V = H0(X,L)∨. Fix the normalized C∗-linearization
of L, and consider the weight space decomposition

H0(X,L) =
r⊕

k=0

H0(X,L)wk
,

where the weights satisfy
0 = w0 > w1 > w2 > · · · > wr.
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We denote by Vk = H0(X,L)∨wk
the subspace of V of weight −wk. We further fix a C∗-equivariant

isomorphism C+(x) ∼= TxX for which the differential at the origin (the point x) is the identity map.

Then the fundamental forms of X ⊂ PV at x can be expressed as follows:

Proposition 3.5. In the setting of Definition 3.4, we have:
(1) The subspace

{s ∈ H0(X,L) | D+(s) = C+(x)}
is one-dimensional and equals H0(X,L)0. Take a nonzero section s0 with D+(s0) = C+(x) and
consider the linear map:

η : H0(X,L) → C[C+(x)],

s 7→ η(s),

defined by s|C+(x) = η(s)s0|C+(x) for any s ∈ H0(X,L). Then:
(2) The map η is an injective C∗-equivariant linear map, where the C∗-action on C[C+(x)] is given

by
(z · f)(u) = f(z−1 · u)

for any z ∈ C∗, u ∈ C+(x), and f ∈ C[C+(x)].
(3) Under the identification

C[C+(x)] ∼= C[TxX] ∼=
⊕
k≥0

SymkT ∗
xX,

the image of η is Fx, where η(H0(X,L)wk
) = F−wk

x . Furthermore, w1 = −1, and η|H0(X,L)w1
is

an isomorphism.

Proof. Since C+(x) is isomorphic to the affine space, its complement Dx := X \ C+(x) is a divisor
(see [Goo69, Proposition 1]). Consequently the Cartier class group Cl(X) is freely generated by the
irreducible components of Dx. By our assumption that X has Picard number one, Dx is the prime
generator of Cl(X).

We can therefore write L ∼= OX(r0Dx) for some positive integer r0. For any nonzero section s with
D+(s) = C+(x), write Z(s) = rDx for some positive integer r. Then rDx ∼ r0Dx implies r = r0, and
consequently the subspace

{s ∈ H0(X,L) | D+(s) = C+(x)}
is one-dimensional. This subspace is C∗-invariant; we denote its weight by w′.

Fix a nonzero section s0 in this subspace and define η as above. The map η is injective because C+(x)
is open in X. For any s ∈ H0(X,L), z ∈ C∗, and u ∈ C+(x), we compute:

(z · s)(u) = z · s(z−1 · u)
= z ·

(
η(s)(z−1 · u)s0(z−1 · u)

)
= η(s)(z−1 · u)(z · s0)(u)

= zw
′
(z · η(s))(u)s0(u),

which shows that η(z · s) = zw
′
(z · η(s)).

For s ∈ H0(X,L)wk
, viewing η(s) as a regular function on TxX via C+(x) ∼= TxX, we have:

η(z · s)(u) = zwkη(s)(u),

z · η(s)(u) = η(s)(z−1 · u) = η(s)(z−1u).

Combining this with η(z · s) = zw
′
(z · η(s)), we conclude that η(s) is a homogeneous polynomial on TxX

of degree w′ − wk ≥ 0. This forces w′ = w0 = 0 and deg(η(s)) = −wk.
Therefore, η is C∗-equivariant, and for any nonzero s ∈ H0(X,L)0, η(s) is constant. This proves

claims (1) and (2).
For any section s ∈ H0(X,L), we express η(s) =

∑
k≥0

ηk(s) as a sum of homogeneous functions on

C+(x) ∼= TxX. The k-th jet of s at x corresponds to the class [η(s)] in Ox/m
k+1
x , which under our

identification is represented by
k∑
i=0

ηi(s).
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Since η maps H0(X,L)wk
to homogeneous polynomials of degree −wk on TxX, and by our choice of

isomorphism C+(x) ∼= TxX together with the definition of fundamental forms, we obtain:

η(H0(X,L)wk
) = F−wk

x and Im(η) = Fx.

Finally, since L is very ample, [Har77, Proposition II.7.2] implies that Im(η) generates C[C+(x)] as a
C-algebra. In particular, Im(η) contains the linear functions T ∗

xX, which must coincide with the image
of H0(X,L)w1

. We conclude that w1 = −1 and η|H0(X,L)w1
is an isomorphism. �

By Proposition 3.5, the fundamental forms at x are given by the linear injections η|H0(X,L)wk
for each

k. Dually, they are represented by the surjective linear maps

Πk : Sym
−wk(TxX) → H0(X,L)∨wk

,

where Π0 : C → H0(X,L)∨0 maps 1 to the unique e0 ∈ H0(X,L)∨0 with e0(s0) = 1, and Π1 is an
isomorphism by Lemma 3.5(3). An immediate corollary of Theorem 3.3 and Proposition 3.5 is as follows:

Corollary 3.6. In the setting of Definition 3.4 and Proposition 3.5, assume further that x ∈ X is a
general point. Then the following hold:

(1) wk = −k for each 0 ≤ k ≤ r, η(H0(X,L)−k) = Fkx, and Fx = ⊕rk=0Fkx.
(2) The projective embedding f : X → PV (where V = H0(X,L)∨) restricts on C+(x) ∼= TxX to

f(u) =

[
r∑

k=0

Πk(u, . . . , u)

]
for any u ∈ TxX, and f(x) = f(0) = [e0]. for any u ∈ TxX, with

f(x) = [e0] at u = 0.

In what follows, we keep the assumptions as in Corollary 3.6. The contraction homomorphism in
Definition 3.2(2) induces a locally nilpotent action of TxX on

⊕
k≥0

SymkT ∗
xX. It follows from Theorem 3.3

that the system of funfamental forms Fx is a finite-dimensional TxX-invariant subspace. Dually, this
defines a nilpotent action of TxX on H0(X,L)∨, which we denote by Γ, via the maps Πk. Explicitly, for
each 0 ≤ k ≤ r and any v ∈ TxX, we define

Γv|Vk
: Vk → Vk+1

by the relations:

(3.1) Γv ◦Πk(v1, . . . , vk) = Πk+1(v, v1, . . . , vk) (k ≥ 1),

with Γv(e0) = Π1(v) and Γv(Vr) = 0. Consequently, the embedding f |TxX defined in Corollary 3.6(2)
can be expressed as:

(3.2) f(u) =

[
r∑

k=0

Γku(e0)

]
for any u ∈ TxX.

Then the vector group action arises from a linear representation ρx : TxX → GL(V ) given by:

(3.3) ρx(u)(v) =

r∑
l=0

l∑
k=0

(
l

k

)
Γl−ku (vk),

for any u ∈ TxX and v =

r∑
k=0

vk ∈ V with vk ∈ Vk. We summarize key properties:

Proposition 3.7. Let L be very ample on X with a C∗-action on (X,L) that is Euler-type at a general
fixed point x. In the notation as above, Then:

(1) For any k ≥ 1 and u1, . . . , uk ∈ TxX,

Πk(u1, . . . , uk) = Γu1
◦ · · · ◦ Γuk

(e0).

(2) The representation ρx induces a TxX-action on PV preserving X and lifting the action on C+(x).
Its differential dρx : TxX → gl(V ) satisfies:

dρx|Vk
= (k + 1)Γ|Vk

,

with dρx(u) · Vk ⊆ Vk+1 for all u ∈ TxX, and dρx(u)(e0) = Π1(u).
8



Proof. (1) follows immediately from the definition of Γ. For (2), the first claim is proved in [FH20, Proof

of Theorem 3.7]. For the differential, take u ∈ TxX and v =

r∑
k=0

vk ∈ V :

dρx(u)(v) =
d

dz

∣∣∣∣
z=0

ρx(zu)(v)

=
d

dz

∣∣∣∣
z=0

r∑
l=0

l∑
k=0

(
l

k

)
zl−kΓl−ku (vk)

=

r∑
l=1

lΓu(vl−1).

Thus dρx|Vk
= (k + 1)Γ|Vk

, yielding the weight conditions. �

Next, we apply it to the case when both the sink and the source are isolated. Assume that for a
general pair of points x, y on X, there is a C∗-action on X which is of Euler type at the source x, and
its inverse action is of Euler type at y. Take the linearization of its inverse action on L such that the
decomposition of the associated weight subspaces equals

H0(X,L) =
r⊕

k=0

H0(X,L)′w′
k
,

where 0 = w′
0 > · · · > w′

r. Applying Proposition 3.7, we have the following:

Corollary 3.8. Let X, L, x, and y be as above.
(1) We have H0(X,L)wk

= H0(X,L)′w′
r−k

and w′
k = −r − wr−k = −k.

(2) We have
Vr = H0(X,L)′w′

0
= {s ∈ H0(X,L) : D+(s) = X−(y)},

and dim(H0(X,L)′w′
0
) = 1. Furthermore, f(y) = [er], where er is a nonzero element in Vr.

(3) There is a vector group action of TyX on V , namely ρy : TyX → GL(V ), such that the induced
action on PV leaves X invariant and lifts the action of TyX on C−(y). Moreover, for the
differential map dρy, we have dρy · V0 = 0 and

dρy(w) · Vk+1 ⊆ Vk,

for any w ∈ TyX and for any k ≥ 0.

Proof. (1) follows directly from the definition of w′
k.

(2) follows from (1), Proposition 3.5(1), and Proposition 3.7(2).
For (3), we dually denote V ′

k = (H0(X,L)′w′
k
)∨ for each k. Then, by (1), we have V ′

k = Vr−k. From
Proposition 3.7(2), there is a vector group action of TyX on V , such that the induced action on X
extends the action of TyX on C−(y). Moreover,

dρy · V ′
k ⊆ V ′

k+1,

which is equivalent to
dρy · Vk+1 ⊆ Vk

for any k ≥ 0, and dρy · V0 = 0. �

4. Prolongations of projective subvarieties

In this section, we study prolongation of projective subvarieties in two steps following [FH12] [HM05].
Firstly we study the prolongation of the VMRT of Euler-symmetric varieties at a general point (Propo-
sition 4.5). Then we calculate the dimension of aut(Ŝ)(1) for certain S ⊂ PV with nonzero prolongation
(Proposition 4.8), which was explicitly formulated in [FH12].
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4.1. Prolongations of the VMRT. In this section, we study the prolongations of the VMRT for
smooth Euler-symmetric varieties of Picard number one. The VMRT at a general point of such varieties
relates to their fundamental forms as follows.

Definition 4.1. Let X be a smooth projective variety of Picard number one. Assume that for a general
point x ∈ X, there exists a C∗-action on X that is of Euler type at x. Fix a very ample line bundle L on
X with the normalized linearization and consider the projective embedding f : X → PH0(X,L)∨ as in
Section 3. Let Fx denote the fundamental forms of X at x, and take η as in Proposition 3.5. For each
k ≥ 2, define the base locus:

Bs(Fkx) = {[w] ∈ PTxX | φ(w, . . . , w) = 0 for all φ ∈ Fkx ⊂ SymkT ∗
xX}.

By Proposition 3.5, this satisfies Bs(Fkx) = {[w] ∈ PTxX | η(s)(w) = 0 for all s ∈ H0(X,L)−k}.
Since Fx forms a symbol system, we have an increasing filtration:

Bs(F2
x) ⊂ Bs(F3

x) ⊂ · · · ⊂ Bs(Frx).

The base locus of fundamental forms at x is defined as Bs(Fx) = Bs(Fl0x ), where l0 is the minimal integer
such that Bs(Fl0x ) is non-empty.

Proposition 4.2. [FH20, Theorem 3.7, Propositions 4.4 and Prop 5.4(iii)]
Let X be a smooth projective variety of Picard number one that admits a C∗-action of Euler type at a
general point x ∈ X. Fix a very ample line bundle L on X with associated fundamental forms Fx for the
embedding f : X → PH0(X,L)∨. Let K be the family of minimal rational curves containing C∗-stable
curves of minimal degree through x, and let C ⊂ PT (X) be the corresponding VMRT structure (Definition
2.7). Then:

Cx = Bs(Fx) ⊂ PTxX
is an irreducible, nonsingular, and non-degenerate projective subvariety.

Next, we study the prolongation of infinitesimal linear automorphisms of Cx ⊆ PTxX in the setting
of Theorem 3.1. Assume that for a general pair of points (x, y) on X, there exists a C∗-action that is of
Euler type at x, and whose inverse action is of Euler type at y. We keep the notations as in Definition
3.4. Fix C∗-isomorphisms C+(x) ∼= TxX and C−(y) ∼= TyY such that the tangent maps at x and y are
the identity maps, respectively.

We fix a very ample line bundle L on X and set V = H0(X,L)∨. Recall the weight decomposition:

V =

r⊕
k=0

Vk, where Vk = H0(X,L)∨−k,

and the surjective maps Πk : SymkTxX → Vk for 0 ≤ k ≤ r.
Let f : X → PV be the projective embedding, and denote by ρx and ρy the linear actions of TxX and

TyX on V , respectively (3.3). Define:
g1 = Im(dρx) ⊂ gl(V ), g−1 = Im(dρy) ⊂ gl(V ).

By construction, g1, g−1 ⊂ aut(X̂), so for any α ∈ g1 and β ∈ g−1, the commutator γ := [α, β] also lies
in aut(X̂). Consider the one-parameter subgroup:

Gγ = {exp(zγ) | z ∈ C} ⊂ GL(V ).

This group action on PV preserves X. Moreover, we can explicitly compute the isotropy action of Gγ
on TxX as follows. Recall from Proposition 3.5(3) that Π1 : TxX → V1 is an isomorphism.

Proposition 4.3. The points x and y are fixed by Gγ . Let Φγ : Gγ → GL(TxX) denote the induced
isotropy representation of Gγ on TxX. Then, for any w ∈ TxX, the following holds:
(4.1) Π1 ((dΦγ)(γ)(w)) = [γ, dρx(w)] · e0 ∈ V1.

Moreover, if dΦγ(γ) = 0, then Gγ acts trivially on X.

Proof. By Theorem 3.1(2), the weight conditions
α · Vk ⊂ Vk+1 and β · Vk+1 ⊂ Vk for each 0 ≤ k ≤ r − 1

imply that γ · Vk ⊂ Vk for all 0 ≤ k ≤ r. Thus, Gγ preserves each Vk. Since x = [e0] and y = [er], where
V0 and Vr are one-dimensional (by Theorem 3.1(1)), both x and y are fixed by Gγ . Furthermore, the
Gγ-action commutes with the C∗-action.
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For any nonzero tangent vector w ∈ TxX, identified with an element of C+(x), consider the holomor-
phic arc θw through x (see (3.2)):

θw : C → X ⊂ PV,

z 7→ f(zw) =

[
r∑

k=0

zkΓkw(e0)

]
.

Let Cw denote the closure of its image. Then Cw is a nontrivial C∗-orbit closure with source x. Since
Gγ commutes with C∗, for any g ∈ Gγ , the curve g · Cw is also a C∗-orbit closure through g · x = x.
Hence, g · f(w) ∈ C+(x) for all w, meaning g · C+(x) ⊂ C+(x).

Via the isomorphism C+(x) ∼= TxX, this induces a linear action of Gγ on TxX as follows. Writing
γ · e0 = ce0 for some c ∈ C, we compute for gt = exp(tγ):

f(gt · w) =

[
r∑

k=0

Γkgt·w(e0)

]
=

[
e0 + Γ1

gt·w(e0) +

r∑
k=2

Γkgt·w(e0)

]
,

gt · f(w) = gt ·

[
r∑

k=0

Γkw(e0)

]
=

[
e0 + e−tcgt · Γ1

w(e0) +

r∑
k=2

e−tcgt · Γkw(e0)

]
.

From the definition we have f(gt · w) = gt · f(w), we deduce:

(4.2) Π1(gt · w) = Γ1
gt·w(e0) = e−tcgt ·Π1(w).

Since the differential of the isomorphism TxX ∼= C+(x) at 0 ∈ TxX is the identity map, this action
coincides with the isotropy representation Φγ . Therefore:

Π1 ((dΦγ)(γ)(w)) = Π1(
d

dt

∣∣∣∣
t=0

(gt · w)) =
d

dt

∣∣∣∣
t=0

Π1(gt · w)

=
d

dt

∣∣∣∣
t=0

(
e−tcgt ·Π1(w)

)
= −cΠ1(w) + γ ·Π1(w) = [γ, dφx(w)] · e0,

where the first equality holds as Π1 is linear, and the last equality follows from Π1(w) = Γw(e0) =
dφx(w) · e0.

For the final statement, observe that the action of Gγ on TxX ∼= C+(x) is given by the exponential
of its Lie algebra. From (4.2), it corresponds to the action of

e−tcgt = et(γ|V1
−c·Id|V1

)

on V1, where the latter is the exponential of t(dΦγ(γ)) via Π1. Thus, if dΦγ(γ) = 0, then Φγ(Gγ) = Id.
Thus Gγ acts trivially on C+(x) ∼= TxX, consequently on X since C+(x) is open and dense. �

As Gγ fixes x, it acts on the family of minimal rational curves through x. Thus the image of Φγ is
contained in Aut0(Ĉx) and dΦγ(γ) ∈ aut(Ĉx). Then under the identification Π1, we can rewrite Lemma
4.3 as follows, which is a generalization of the map (2.1).

Corollary 4.4. Consider the linear map λ : g−1 → Sym2(V ∗
1 )⊗ V1 given by:

λ(dρy(β)) : V1 × V1 −→ V1(4.3)
(Π1(α),Π1(ξ)) −→ [[dρy(β), dρx(α)], dρx(ξ)].e0,

for any β ∈ TyX and for any α, ξ ∈ TxX. Then Im(λ) ⊂ aut(Ĉx)(1), under the identiication Π1.

Proof. λ(dρy(β)) is symmetric because g1 = Im(dρx) is abelian. For any fixed α ∈ TxX, β ∈ TyX,
denote γ = [dρy(β), dρx(α)] as above. We check that λ(dρy(β))(Π1(α)) ∈ aut(Ĉx) under Π1:

λ(dρy(β))(Π1(α))(Π1(ξ)) = [γ, dρx(ξ)].e0 = Π1 ((dΦγ)(γ)(ξ)) ,

where the first equality is by definition, and the second equality is from (4.1) in Proposition 4.3.
�

The technical heart of our article is the following observation.

Proposition 4.5. λ induces a bijection from g−1 onto aut(Ĉx)(1).
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Proof. Assume that Cx ⊂ PTxX is linearly normal. Then by Theorem 2.11(2), there is a natural inclusion:

aut(Ĉx)(1) ↪→ T ∗
xX.

From Proposition 4.8 below, any irreducible, nonsingular and non-degenerate projective subvariety S ⊂
PW satisfying dim(aut(S)(1)) ≥ dim(V ) must be linearly normal. Thus it suffices to show that λ is
injective.

Assume λ(dρy(β)) = 0 for some nonzero β ∈ TyX. For any α ∈ TxX, define γα = [dρy(β), dρx(α)].
We show γα = l(α)IdV for some l ∈ T ∗

xX by proving Gγα acts by scalars. By Proposition 4.3 it implies
that dΦγα(γα) = 0, so Gγα acts trivially on X. Thus any v ∈ X̂ is a Gγα -eigenvector. For any g ∈ Gγα ,
we denote its eigenspaces in V by {Vg(c) : c ∈ Jg}, where Jg is a finite set of indices. Then we have
X ⊂ ∪c∈JgPVg(c). As X is non-degenerate and irreducible, some Vg(c) = V , so g acts by scalars.

Let Uβ = {exp(dρy(tβ)) : t ∈ C} ⊂ Im(ρy) and Vl = {exp(dρx(α)) : l(α) = 0} ⊂ Im(ρx). By the
definition of l it implies that Uβ commutes with Vl. By Corollary 3.8, x = [e0] is fixed by Uβ since
dρy(β) · e0 = 0. The commuting actions imply Vl ·x is also Uβ-fixed. But Uβ , as a subgroup of TyY , acts
freely on C−(y) ∼= TyX, forcing Vl · x ⊂ C+(x) \ C−(y).

We derive contradictions:
• If l = 0, then Vl = Im(ρx) and Vl · x = C+(x). But C+(x) ∩C−(y) 6= ∅ as both are open dense.
• If l 6= 0, then Vl · x is a hyperplane in C+(x) ∼= TxX. By Proposition 3.5, Dy := X\C−(y) is an

irreducible divisor, so C+(x)\C−(y) is an irreducible divisor of C+(x) and equals Vl · x.
Corollary 3.8 gives C+(x)\C−(y) = {w ∈ TxX : η(sr)(w) = 0} where sr ∈ H0(X,L)wr . Thus

Bs(Frx) = {[w] ∈ PTxX : η(sr)(w) = 0} is a hyperplane. But then Cx = Bs(Fx) ⊂ Bs(Frx) is
linearly degenerate in PTxX, contradicting Proposition 4.2.

�

4.2. Projective subvarieties with nonzero prolongations. Let us recall the classification result of
projective subvarieties with nonzero prolongations by Fu and Hwang as follows.

Theorem 4.6. [FH12, Main Theorem] and [FH18, Theorem 7.13] Let S ⊂ PV be an irreducible
nonsingular non-degenerate variety such that aut(Ŝ)1 6= 0. Then S ⊂ PV is projectively equivalent to
one of the followings:

(1) The VMRT of an IHSS of rank > 2.
(2) The VMRT of a symplectic Grassmannian.
(3) A nonsingular linear section of Gr(2, 5) ⊂ P9 of codimension 6 2.
(4) A nonsingular P4-general linear section of S5 ⊂ P15 of codimension 6 3.
(5) Biregular projections of (1) and (2) with nonzero prolongations, which are completely described in

Section 4 of [FH12] .

Remark 4.7. As noted in [FH18, Proposition 2.11], all nonsingular sections of Gr(2, 5) ⊂ P9 with codi-
mension s 6 3 are projectively equivalent.

The main result of this subsection is the following result based on Theorem 4.6.

Proposition 4.8. Let S ⊂ PV be one of the projective subvarieties in Theorem 4.6 (2)(3)(4)(5), then:

(4.4) dim(aut(Ŝ)(1)) < dim(V ).

We will prove this proposition case by case based on Theorem 4.6.

4.2.1. Case (2) and (5). In these cases, the prolongation of aut(Ŝ) was explicitly formulated in [FH12].
First we consider Case (2) and the case of biregular projections of (2):

Lemma 4.9. Let W and Q be vector spaces of dimensions k > 2 and m respectively. Set L = Sym2(Q) ⊂
V = Sym2(W ⊕Q) and U = V/L. For φ ∈ Sym2(W ⊕Q) denote by φ# ∈ Hom(W∨ ⊕Q∨,W ⊕Q) the
corresponding homomorphism via the natural inclusion Sym2(W ⊕Q) ⊂ Hom((W∨ ⊕Q∨,W ⊕Q), and
denote by φ its image in U . For L2 ⊂ U , let Im(L2) be the linear space of {Im(φ#) : φ ∈ L2}. Define
ImW (L2) = PQ(Im(L2)) ⊂W , where PQ :W ⊕Q→W is the projection to the first factor, then:

(i) Denote by pL : PV 99K P(V/L) the projection from PL. Let v2 : P(W ⊕Q) → P(Sym2(W ⊕Q)) be
the second Veronese embedding, Z the proper image of Im(v2). Then Z ⊂ PV/L = PU is isomorphic to
the VMRT of the symplectic Grassmannian Grw(k,Σ) at a general point and aut(Ẑ)(1) ∼= Sym2(W∨).

(ii) If Z ∩ PL2 = ∅, then aut(p̂L2(Z))
(1) ∼= Sym2(W/ImW (L2))

∨.
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(iii) dim(aut(Ẑ)(1)) < dim(V/L). Let L2 ⊂ U be as in (ii), if aut(p̂L2
(Z))(1) 6= 0, then:

dim(aut(p̂L2(Z))
(1)) < dim(U/L2).

Proof. (i) and (ii) are from [FH12, Proposition 4.18].
Under the identification: V = Sym2(W ⊕ Q) ⊂ Hom(W∨ ⊕ Q∨,W ⊕ Q), we write U = V/L =

Sym2(W ) ⊕ Hom(Q∨,W ), where we identify Sym2(W ) inside Hom(W∨,W ). Thus dim(V/L) >

dim(aut(Ẑ)(1)) as Hom(Q∨,W ) 6= 0. Take a basis of ImW (L2) to be e1, ..., et and extend it to a
basis of W : e1, ..., et, et+1, ..., ek. Then by the definition of ImW (L2), we have:

L2 ⊂{(φ, η) ∈ Sym2(W )⊕Hom(Q∨,W ) | Im(φ#) ⊂ ImW (L2) and Im(η) ⊂ ImW (L2)}
∼= Sym2(ImW (L2))⊕Hom(Q∨, ImW (L2)),

whence dim(L2) 6
t(t+ 1)

2
+mt. Then:

dim(U/L2)− dim(aut(p̂L2
(Z))(1)) > k(k + 1)

2
+ km− t(t+ 1)

2
− tm− (k − t)(k − t+ 1)

2
= (m+ t)(k − t) > 0,

where k − t > 0 as aut(p̂L2(Z))
(1) 6= 0. �

By [FH12, Main Theorem (C)], the other cases of (5) are biregular projections of the VMRT of
Gr(a, a+ b), Sn and Lag(n, 2n) respectively. We prove these cases by the following three lemmas.

Lemma 4.10. Let A and B be vector spaces with a = dim(A) > b = dim(B) > 3. Let V = Hom(A,B).
For a subspace L ⊂ V , set Im(L) = {Im(φ) ⊂ B : φ ∈ L}. Ker(L) =

⋂
ϕ∈L

Ker(φ). Then:

(i) S = {[φ] ∈ PV : rank(φ) 6 1} ⊂ PV is projectively isomorphic to the VMRT of Gr(a, a+ b).
(iii) Let L ⊂ V such that L ∩ Sec(S) = ∅, then aut(p̂L(S))

(1) ∼= Hom(B/Im(L),Ker(L))

(iii) Let L ⊂ V be as in (ii), if aut(p̂L(S))(1) 6= 0 then dim(aut(p̂L(S))
(1)) < dim(V/L).

Proof. (i) and (ii) are from [FH12, Proposition 4.10]. For (iii), denote s = dim(Ker(L)) and t =
dim(Im(L)), by the definition we have

L ⊂ {φ ∈ Hom(A,B) : φ|Ker(L) = 0, Im(φ) ⊂ Im(L)} = Hom(A/Ker(L), Im(L)),

implying dim(L) 6 (a− s)t. Thus

dim(V/L)−dim(aut(p̂L(S))
(1)) = ab−dim(L)− (b− t)s > ab− (a−s)t− (b− t)s = (a− t)(b− t)+st > 0,

where s < a and t < b as aut(p̂L(S))
(1) 6= 0. �

Lemma 4.11. Let W be a vector space of dimension n > 6. V = ∧2W . For each φ ∈ ∧2W , denote by
φ# ∈ Hom(W∨,W ) via the inclusion ∧2W ⊂ W ⊗W = Hom(W∨,W ). For a subspace L ⊂ V , define
Im(L) ⊂W as the linear span of {Im(φ#) ⊂W,φ ∈ L}. Then:

(i) S = {[φ] ∈ V : rk(φ) 6 2} ⊂ PV is isomorphic to the VMRT of Sn.
(ii) If L ⊂ V such that PL ∩ Sec(S) = ∅, then aut(p̂L(S))

(1) ∼= ∧2(W/Im(L))∨.
(iii) Let L ⊂ V be as in (ii), if aut(p̂L(S))(1) 6= 0, then dim(p̂L(S))

(1)) < dim(V/L).

Proof. (i) and (ii) are from [FH12, Proposition 4.11]. For (iii) take a basis of Im(L) to be e1, ..., et and
extend it to a basis of W : e1, ..., et, et+1, ..., en. Denote the dual basis of W∨ to be f1, ..., fn such that
fi(ej) = δi,j for any 1 6 i, j 6 n. Identify Hom(W∨,W ) with Mn×n(C) through:

Hom(W∨,W ) −→Mn×n(C)(4.5)
A −→ A = (aij : 1 6 i, j 6 n)

such that A(fi) =

n∑
j=1

aijej . Then V corresponds to all skew-symmetric matrices. Now

L ⊂ {A ∈ V : Im(A) ⊂ Im(L)} = {A ∈ V : aij = 0 if i > r + 1 or j > r + 1},
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thus dim(L) 6 t(t− 1)

2
. Then:

dim(V/L)− dim(aut(p̂L(S))
(1)) =

n(n− 1)

2
− dim(L)− (n− t)(n− t− 1)

2

> n(n− 1)

2
− t(t− 1)

2
− (n− t)(n− t− 1)

2
= t(n− t) > 0,

where t > 0 as L 6= 0 and t < n as aut(p̂L(S))
(1) 6= 0. �

Lemma 4.12. Let W be a vector space of dimension n > 3. V = Sym2W . For each φ ∈ Sym2W ,
denot by φ# ∈ Hom(W∨,W ) via the inclusion Sym2W ⊂ W ⊗W = Hom(W∨,W ). For a subspace
L ⊂ V , define Im(L) ⊂W as the linear span of {Im(φ#) ⊂W,φ ∈ L}. Then:

(i) S = {[φ] ∈ V : rk(φ) 6 1} ⊂ PV is isomorphic to the VMRT of Lag(n, 2n).
(ii) If L ⊂ V such that PL ∩ Sec(S) = ∅, then aut(p̂L(S))

(1) ∼= Sym2(W/Im(L))∨.
(iii) Let L ⊂ V be as in (ii), if aut(p̂L(S))(1) 6= 0, then dim(p̂L(S))

(1)) < dim(V/L).

Proof. (i) and (ii) are from [FH12, Proposition 4.12] . For (iii), as in Lemma 3.11 we take a basis of
Im(L) to be e1, ..., er and extend it to a basis of W to be e1, ..., er, er+1, ..., en. Denote the dual basis to
be f1, ..., fn. Keep the identification (3.5) then V corresponds to all symmetric matrices and we have

L ⊂ {A ∈ V : Im(A) ⊂ Im(L)} = {A ∈ V : aij = 0 if i > r + 1 or j > r + 1},

implying dim(L) 6 r(r + 1)

2
and thus

dim(V/L)− dim(aut(p̂L(S))
(1)) =

n(n+ 1)

2
− dim(L)− (n− r)(n− r + 1)

2

> n(n+ 1)

2
− r(r + 1)

2
− (n− r)(n− r + 1)

2
= r(n− r) > 0,

where r > 0 as L 6= 0 and r < n as aut(p̂L(S))
(1) 6= 0. �

4.2.2. Case (3). Let X = Gr(2, 5) ⊂ P9. For each k = 1, 2, denote by Xk ⊂ P9−k the nonsingular linear
section of codimension k. Then the case when S = X1 follows from [FH12, Section 3.4] and the case of
X2 follows from [BFM20, Lemma 4.6].

4.2.3. Case (4). Let X = S5 ⊂ P15. For each k = 1, 2, 3, denote by Xk ⊂ P15−k the nonsingular
P4-general linear section of codimension k as described in [FH18, Proposition 2.12].

(i) The case when S = X1 follows from [FH12, Section 3.3].
(ii) By [FH18, Proposition 7.6] X3 is quadratically symmetric. The VMRT of X3 at a general point is

a nonsingular linear section of Gr(2, 5) ⊂ P9 of codimension 3, which has zero prolongations by Theorem
4.6. Then by the proof of [FH12, Theorem 6.15] we conclude that aut(X̂3) ∼= C.

(iii) To prove the case when S = X2 we recall the following characterization ofX2 proved by Kuznetsov.

Theorem 4.13. [Kuz18, Proposition 6.1 and Lemma 6.7] Let XK ⊂ X be a nonsingular linear section
of X of codimension 2, then the followings are equivalent:

(a) XK is projectively equivalent to X2;
(b) The Hilbert space F4(XK) of linear 4-spaces on XK is non-empty;
(c) There exists a line L in XK such that

(4.6) NL/XK
∼= OL(−2)⊕OL(1)

⊕6

Moreover, such line is unique and is equal to the intersection of all linear 4-spaces on XK .

Now assume, for the sake of contradiction, that dim(aut(X̂2)
(1)) = dim(V ). Take L as the line defined

in Theorem 4.13. For any point x = [x̂] ∈ L, take a linear function l ∈ V ∨ such that l(x̂) 6= 0. Then,
by Theorem 2.11(2), there exists a C∗-action on X2 which is of Euler type at x. We shall deduce a
contradiction from this C∗-action using the following lemmas.

Lemma 4.14. There are exactly three different weight subspaces of the C∗-action on V .

Proof. From Theorem 2.11(2), the linear action of C∗ on V has at most three different weight subspaces.
On the other hand, if it admits only two different weights, then from Proposition 3.5(3), one easily sees
that X2 is isomorphic to a projective space, which leads to a contradiction. �
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Under the setting of Definition 3.4 we have r = 2. Denote by W = V1, U = V2 and f : X2 → PV
the projective embedding. Then we have: dim(V ) = 14, dim(W ) = dim(TxX2) = 8 and dim(U) =
dim(V )−1−dim(W ) = 5. We now check that the C∗-action on X2 satisfies the following two properties.

Lemma 4.15. The C∗-action on X2 has exactly three irreducible components of XC∗

2 : the isolated source
{x}, the unique component Y1 contained in PW , and the unique component Y2 contained in PU .

Proof. First, note that for any fixed component Y ∈ Y , Y ⊂ PVk for some k. If Y ⊂ PW , then a C∗-orbit
whose sink lies in Y has its source equal to x. Thus, by [ORSW22, Lemma 2.8] and [RW20, Lemma 3.5],
such Y is unique, and C−(Y ) is a line bundle over Y . If Y ⊂ PU , we see that v+(Y ) = 0, whence Y is
the unique sink of the C∗-action. �

Lemma 4.16. We have dim(Y1) > 0.

Proof. Assume that Y1 = {y} is a single point. If dim(Y2) = 0, then by [RW20, Lemma 3.5] we
have v+(Y1) = v−(Y1) = 1, and thus dim(X2) = dim(TyS2) = v+(Y1) + v−(Y1) = 2 < 8, which is a
contradiction. If dim(Y2) > 0, then we have Dx = X2\C+(x) = C+(y) ∪ Y2. This implies that Y2, as a
divisor of Dx, is of dimension 6, contradicting the fact that Y2 ⊂ PU ∼= P4. �

Now, since L is the intersection of all linear 4-spaces in X2, it is C∗-invariant. Moreover, as x ∈ L and
the action is of Euler type at x, we conclude that L is a non-trivial C∗-orbit closure with source x = [e0].
Denote the orbit by C∗ · f(w) = {[e0 + zΠ1(w) + z−w2Π2(w,w)] : z ∈ C∗} for some nonzero w ∈ TxX2,
and denote by y the sink of the orbit. Then we must have Π2(w,w) = 0, and y ∈ Y1. Otherwise, the
sink of the orbit would be [Π2(w,w)] ∈ PU . In that case, the line L would be contained in P(Ce0 ⊕ U),
contradicting the fact that Π1(w) 6= 0 as Π1 is injective by Proposition 3.5(3).

Now take any point y′ ∈ Y1, and denote by Ly′ the unique non-trivial C∗-orbit closure with sink y′

and source x. Then Ly′ is exactly the line connecting x and y′. By [ORSW22, Lemma 2.16] and the
proof of [ORSW22, Proposition 2.17], the splitting type of TX2

|Ly′ is determined by the weights of the
isotropy action of C∗ on Ty′X2. As Y1 is irreducible, the weights of C∗ on Ty′X2 remain invariant as
y′ varies in Y1. This implies that the splitting type of TX2 |Ly′ also remains invariant, contradicting the
uniqueness of L as dim(Y1) > 0.

Thus, we conclude that dim(aut(X̂2)
(1)) < dim(V ). This completes the proof of Proposition 4.8.

5. Proof of the main result

In this section we will prove Theorem 1.2. First Theorem 2.8 enables us to characterize an Euler-
symmetric variety by its VMRT. We present a C∗-equivariant version for our convenience.

Corollary 5.1. Let X,X ′ be two Fano manifolds of Picard number 1. Assume that for a general point
x on X and for a general point x′ on X ′, there are C∗-actions on X and X ′ such that the actions are of
Euler type at x and x′, respectively. Denote by K,K′ the families of minimal rational curves on X and
X ′, which contain the C∗-stable curves of minimal degree through x and x′, respectively. Let C ⊂ PT (X)
and C′ ⊂ PT (X ′) be the associated VMRT structures on X and X ′. If Cx is projectively isomorphic to
C′
x′ , then there exists a C∗-equivariant isomorphism Ψ : X → X ′ that maps x to x′.

Proof. Assume that the projective isomorphism between Cx ⊂ PTxX and C′
x′ ⊂ PTx′X ′ is induced by

a linear isomorphism ψ : TxX → Tx′X ′. Then, the identifications C+(x) ∼= TxX and C+(x′) ∼= Tx′X ′

induce an isomorphism ψ : C+(x) → C+(x′). By Proposition 4.2, their VMRTs at general points are
both irreducible and nonsingular.

To extend ψ, it suffices to check that the differential map of ψ preserves the VMRT at a general point.
Since x and x′ are both general points, by Proposition 3.7(2), the action of TxX on C+(x) and the
action of Tx′X ′ on C+(x′) can be extended to actions on X and X ′, respectively. This implies that the
VMRT structures over C+(x) and C+(x′) are locally flat. Specifically, the isomorphism C+(x) ∼= TxX
yields an identification PT (X)|C+(x)

∼= C+(x) × PTxX, under which the VMRT structure corresponds
to C|C+(x)

∼= C+(x)× Cx (and similarly for X ′).
Thus, by the definition of ψ, for any point y ∈ C+(x), the differential map dψy must map Cy isomor-

phically onto C′
ψ(y). This guarantees the existence of an extension Ψ : X → X ′.

Finally, by our assumption that ψ is C∗-equivariant, it follows that Ψ is also C∗-equivariant, as C+(x)
is open and dense in X. �

We are ready to prove our main result.
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Proof of Theorem 1.2. If X = G/Pα is an IHSS of tube type as in Remark 2.13(3), then X is the
equivariant compactification of the vector groups Ru(P−

α ) and Ru(Pα) respectively, where x = [Pα] is
fixed by Ru(Pα) and y = w0 · x is fixed by Ru(P−

α ). Consider the morphism

Ru(Pα)×Ru(P
−
α ) → X ×X, (u, v) 7→ (uv · x, u · y).

Its image is dense and constructible; hence, it contains a dense open subset. Moreover, for any element
(uv · x, u · y) in the image, we can define a C∗-action on X by:

C∗ ×X −→ X, (t, x) 7−→ uv t (uv)−1 · x,

such that the C∗-action is of Euler type at the source x̃ = uv · x and its inverse action is of Euler type
at ỹ = uv · y = u · y.

Conversely, assume that for a general pair of points x, y on X, there is a C∗-action which is of Euler
type at x and whose inverse action is of Euler type at y. Let K be the family of minimal rational
curves containing C∗-stable curves of minimal degree through x, and let C ⊂ PT (X) be the associated
VMRT structure. By Theorem 1.3, for the projective embedding Cx ⊂ PTxX, we have dim(aut(Ĉx)(1)) =
dim(TxX).

Thus, by Theorem 4.6 and Proposition 4.8, the variety must be projectively isomorphic to the VMRT
of an IHSS. Let us denote this IHSS byX ′. Consider the C∗-action defined in Remark 2.13(2), for which x′
is an isolated source. The quadruple (X,x,X ′, x′) then satisfies the hypotheses of Corollary 5.1, implying
that X is C∗-equivariantly isomorphic to X ′. Moreover, since the C∗-action on X has an isolated sink
and an isolated source, the isomorphism forces X ′ to be an IHSS of tube type, as characterized in
Remark 2.13(3). �
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